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1. SCOPE OF THIS REPORT 
The a c t i v i t i e s  r e p o r t e d  i n  t h i s  document were  aimed 
a t  e x t e n d i n g  e x i s t i n g  ma thema t i ca l  models o f  t i r e  dynamics 
b a s e d  on t h e  r e p r e s e n t a t i o n  o f  t h e  c a r c a s s  a s  a  beam on a  
f o u n d a t i o n  and s u p p l i e d  w i t h  r u b b e r  e l e m e n t s  f o r  t h e  t r e a d  
p a t t e r n .  The p a r e n t  c o n c e p t ,  deve loped  by P a c e j  ka  [I ] , i s  
c e n t e r e d  on t h e  dynamic b e h a v i o r  o f  t h e  t r e a d  e l emen t  mass 
p o i n t s  a s  t h e y  p a s s  t h rough  t h e  c o n t a c t  p a t c h  a t  v a r i o u s  
c o n d i t i o n s  o f  s l i p .  The a s sumpt ion  i n  t h e  p a r e n t  concept-  
t h a t  t h e  f r i c t i o n  f o r c e s  i n  t h e  c o n t a c t  p a t c h  depend on t h e  
v e l o c i t y  o f  s l i d i n g  between t h e  t r e a d  e l emen t  and road-has 
been  r e t a i n e d  i n  t h e  p r e s e n t  e x t e n s i o n .  
I n  t h i s  work,  s p e c i a l  emphasis  h a s  been  p u t  on t h e  
e x t e n s i o n  o f  P a c e j  k a ' s  model t o  i n c l u d e  t r a n s i t i o n a l  b e h a v i o r ,  
a s  i n  shimmy, a l l o w i n g  f o r  p a r t i a l  o r  f u l l  s l i d i n g .  T h i s ,  
i n  t u r n ,  makes i t  p o s s i b l e  t o  o b t a i n  f r e q u e n c y  r e s p o n s e s  
f o r  l a t e r a l  f o r c e  and a l i g n i n g  moment a t  any mean s l i p  a n g l e .  
The model can a l s o  c a l c u l a t e  l o n g i t u d i n a l  and l a t e r a l  f o r c e s  
and a l i g n i n g  moment i n  a  combined t r a n s i e n t  s t e e r i n g  and 
b r a k i n g  o r  d r i v i n g  maneuver.  
The model was t e s t e d  by u s i n g  p r o p e r t y  d a t a  f o r  an 
FR70-14 t i r e .  Th is  t i r e  was d e s i g n a t e d  R70B i n  t h e  HSRI 
t i r e  t e s t i n g  program,  and some e x p e r i m e n t a l  s t e a d y - s  t a t e  d a t a  
on i t  were a v a i l a b l e  [ 2 ] .  
The r e p o r t  c o n t a i n s  s e l e c t e d  r e s u l t s  from t h e s e  com- 
p u t a t i o n s  c o n s i s t i n g  o f  s t e a d y - s t a t e  t r e a d  e lement  s l i d i n g  
v e l o c i t y  and d e f l e c t i o n  d i s t r i b u t i o n s  i n  t h e  c o n t a c t  p a t c h  
t o g e t h e r  w i t h  beam d e f l e c t i o n  and s l o p e  d i s t r i b u t i o n ,  a l s o  
w i t h i n  t h e  c o n t a c t  p a t c h .  
The r e s u l t i n g  s t e a d y - s t a t e  l o n g i t u d i n a l  and l a t e r a l  
f o r c e s  and a l i g n i n g  moment a r e  g i v e n  a t  v a r i o u s  combina t i ons  
o f  s l i p  numbers.  
The f r equency  r e s p o n s e s  o f  l a t e r a l  f o r c e  and a l i g n i n g  
moment f o r  a  f r e e - r o l l i n g  t i r e  s u b j e c t  t o  s t e e r  a n g l e  
o s c i l l a t i o n s  a t  z e r o  mean a n g l e  a r e  a l s o  p r e s e n t e d .  
2 .  BACKGROUND 
The pneuma t i c  t i r e  i s  no doub t  one o f  t h e  most complex 
dynamic components u t i l i z e d  by a  road  v e h i c l e .  The com- 
p l e x i t y  p r e s e n t s  s e r i o u s  o b s t a c l e s  t o  t h e  development  o f  
r e a l i s t i c  ma thema t i ca l  r e p r e s e n t a t i o n s  of  t i r e  dynamic 
pe r fo rmance .  I n  t h e  s t u d y  o f  t h e  dynamic b e h a v i o r  of  a  
p a s s e n g e r  c a r  w i t h  t h e  a i d  o f  m a t h e m a t i c a l  mode l s ,  i t  i s  
most o f t e n  s u f f i c i e n t  t o  l e t  t h e  moving p a r t s  b e  r e p r e -  
s e n t e d  by r i g i d  masses a c t e d  upon by p o i n t  l o a d s  s u p p l i e d  
by s p r i n g  f o r c e s  and /o r  damping f o r c e s .  The t i r e ,  i n  
c o n t r a s t ,  i s  a  f l e x i b l e  s t r u c t u r e  a c t e d  upon by d i s t r i b u t e d  
f o r c e s  whe re ,  unde r  c e r t a i n  c o n d i t i o n s ,  t h e  d i s t r i b u t i o n  o f  
s t r u c t u r e  mass ha s  t o  b e  c o n s i d e r e d .  The d i s t r i b u t e d  
t r a c t i o n  f o r c e s  a c t i n g  on t h e  t i r e  i n  t h e  a r e a  i n  c o n t a c t  
w i t h  t h e  road  s u r f a c e  c o n s t i t u t e  i n  t h e m s e l v e s  a  p rob lem 
s i n c e  t h e y  a r e  r e l a t e d  t o  t h e  n o t  y e t  f u l l y  u n d e r s t o o d  
phenomenon o f  f r i c t i o n  between two s u r f a c e s  i n  r e l a t i v e  
s t i c t i o n  o r  s l i d i n g .  
Th i s  complex i ty  o f  t h e  dynamics o f  t h e  pneuma t i c  t i r e  
and t h e  l a c k  o f  e l e c t r o n i c  computers  i n  t h e  e a r l y  days  o f  
t h e o r e t i c a l  t i r e  r e s e a r c h  i n  t h e  3 0 ' s  and 4 0 ' 5 ,  c o u p l e d  w i t h  
t h e  t h e n  p r e v a i l i n g  t r i a l - a n d - e r r o r  e x p e r i m e n t a t i o n  i n  t i r e  
and a u t o  i n d u s t r y  r e s e a r c h ,  i s  a  p a r t i a l  e x p l a n a t i o n  why 
t h e  p r o g r e s s  of  ma thema t i ca l  r e p r e s e n t a t i o n  o f  t h e  dynamics 
o f  t h e  t i r e  ha s  been  s low i n  t h e  b e g i n n i n g .  Thus ,  i t  t ook  
2 5  y e a r s  from t h e  p u b l i c a t i o n  i n  1930 by Fromm [3 ]  o f  h i s  
f i n d i n g s  on t h e  "law o f  t h e  s i d e s l i p , "  b a s e d  on an un- 
e x t e n s i b l e  c a r c a s s ,  t i l l  F i a l a  [ 4 ]  i n  1954 p u b l i s h e d  h i s  
work on l a t e r a l  f o r c e  and moment o f  a  t i r e  w i t h  t h e  f l e x i b l e  
c a r c a s s  modeled l i k e  a  beam on an e l a s t i c  f o u n d a t i o n  and 
s u p p l i e d  w i t h  t r e a d  b l o c k s .  
G r a d u a l l y  a  s t r o n g  need a r o s e  i n  t h e  v e h i c l e  dynamics 
g roups  w i t h i n  t h e  a i r c r a f t  and a u t o  i n d u s t r y  t o  o b t a i n  a  
d e e p e r  knowledge and b e t t e r  u n d e r s t a n d i n g  i n  s u c h  m a t t e r s  a s  
v e h i c l e  s t a b i l i t y  and c o n t r o l .  A l s o ,  d u r i n g  t h e  l a s t  
decade o r  s o ,  governmenta l  l e g i s l a t i v e  e f f o r t s  i n  t h i s  
c o u n t r y  have s t a r t e d  s e t t i n g  up s p e c i a l  r e q u i r e m e n t s  f o r  
s t a n d a r d s  o f  s t a b i l i t y  and c o n t r o l  o f  motor  v e h i c l e s .  
Th i s  a l l  amounts t o  a  s u b s t a n t i a l  i n c r e a s e  o v e r  t h e  
l a s t  twenty  y e a r s  o r  s o  of  r e s e a r c h  a c t i v i t i e s  i n  t h e  f i e l d  
o f  t i r e  dynamics .  With t h i s  has  f o l l o w e d  a  need  t o  r e s o r t  
more e x t e n s i v e l y  t o  t h e  ma thema t i ca l  model o f  t h e  v e h i c l e  
sy s t em a s  a  t o o l  f o r  making s h o r t - c u t s  i n  l a b o r a t o r y  and 
o n - t h e - r o a d  e x p e r i m e n t s .  
No doubt  t h e  t i r e  p l a y s  a  v e r y  i m p o r t a n t  r o l e  i n  
e s t a b l i s h i n g  t h e  s t e e r i n g  c h a r a c t e r i s t i c s  o f  a  v e h i c l e .  
T h i s  h a s  r e s u l t e d  i n  t h e  development  o f  many i n g e n i o u s ,  y e t  
o v e r - s i m p l i f y i n g ,  ma thema t i ca l  d e s c r i p t i o n s  o f  t i r e  dynamics .  
Not u n t i l  t h e  adven t  o f  e l e c t r o n i c  computers  ( a n a l o g  and 
d i g i t a l ) ,  however ,  ha s  i t  been  p o s s i b l e  t o  r e a l i z e  more 
e l a b o r a t e  m a t h e m a t i c a l  r e p r e s e n t a t i o n s  o f  t h e  h i g h l y  complex 
t i r e  s t r u c t u r e .  Thus we w i t n e s s  d u r i n g  t h e  l a s t  f i f t e e n  
y e a r s  an i n c r e a s e d  a c t i v i t y  i n  t h e  t h e o r e t i c a l  s t u d y  o f  
v a r i o u s  a s p e c t s  o f  t i r e  dynamics .  Some o u t s t a n d i n g  c o n t r i -  
b u t i o n s  t o  t h e s e  e f f o r t s  r e l a t e d  t o  t h e  phenomenon o f  shimmy 
a r e  w o r t h  m e n t i o n i n g  h e r e .  
The f i r s t  t h e o r i e s  on shimmy o f  modern whee l  s u s p e n s i o n s  
and t i r e s  were  made by Urylie  i n  1939 [S] and by K a n t r o w i t z  
i n  1 9 4 0  [ 6 ] .  T h e i r  f i n d i n g s  were  b a s e d  on a  beam a p p r o x i -  
ma t ion  o f  t h e  c a r c a s s .  I n  1 9 4 1 ,  v . S c h l i p p e  and D i e t r i c h  [ 7 ]  
p u b l i s h e d  t h e i r  work t h a t  was t o  become a  c o r n e r s t o n e  i n  
f u t u r e  deve lopments  on t i r e  dynamics e n c o u n t e r e d  i n  whee l  
shimmy. They added t o  t h e  beam t h e o r y  a  f i n i t e  c o n t a c t  
l e n g t h .  
The t i r e  shimmy t h e o r i e s  have  b e e n  e x t e n d e d  o v e r  t h e  
y e a r s  b y ,  among o t h e r s ,  S a i t o  [ 8 ]  and S e g e l  [ 9 ] .  
A l l  t h e  p r e v i o u s  works on shimmy h a v e  i g n o r e d  t h e  
e x p l i c i t  t r e a t m e n t  o f  t h e  t r e a d  r u b b e r .  I t  was n o t  u n t i l  
1966 t h a t  P a c e j k a  [lo] added t r e a d  e l e m e n t s  t o  t h e  c a r c a s s  
i n  t h e  f a s h i o n  i n t r o d u c e d  by F i a l a  i n  1954.  
Among t h e  a r e a s  o f  dynamics o f  t h e  p n e u m a t i c  t i r e  t h a t  
a r e  r e c e i v i n g  i n c r e a s i n g  c o n s i d e r a t i o n  i s  t h e  n a t u r e  o f  t h e  
g e n e r a t i o n  o f  t h e  t r a c t i o n  f o r c e s  t h a t  a r e  d e v e l o p e d  by t h e  
r o l l i n g  t i r e  i n  t h e  i n t e r f a c e  between t i r e  and r o a d  s u r f a c e  
i n  r e s p o n s e  t o  s t e a d y - s t a t e  l o n g i t u d i n a l  and l a t e r a l  s l i p  
and v a r i o u s  o s c i l l a t i n g  s l i p  modes. An u n d e r s t a n d i n g  o f  
t h e  n a t u r e  o f  t h e s e  f o r c e s  and t h e  a b i l i t y  t o  p r e d i c t  them 
by c a l c u l a t i o n s  b a s e d  on c o n s t r u c t i o n  d a t a  and some b a s i c  
p h y s i c a l  p r o p e r t i e s  o f  t h e  t i r e  and f r i c t i o n  f u n c t i o n s  f o r  
t h e  t i r e - r o a d  i n t e r f a c e  i s  t h e  g o a l  o f  t h e s e  a c t i v i t i e s .  
3. GENERAL ASSIJMPTIONS 
The c a r c a s s  of  t h e  t i r e ,  which i s  assumed m a s s l e s s ,  i s  
r e p r e s e n t e d  i n  t h e  model by a  l a t e r a l l y  f l e x i b l e  c y l i n d r i c a l  
beam ( t r e a d  b a s e )  on a  f o u n d a t i o n  ( t i r e  w a l l s ) .  The t r e a d  
r u b b e r  i s  assumed t o  c o n s i s t  of  s e p a r a t e  b l o c k s .  These 
b l o c k s  a r e  r e p r e s e n t e d  by c i r c u m f e r e n t i a l l y  i n t e r s p a c e d  
t r e a d  e l emen t s  a t t a c h e d  t o  t h e  beam. The e l emen t s  c o n t a i n  
mass.  Due t o  l a t e r a l  f o r c e s  t r a n s f e r r e d  t h r o u g h  t h e  t r e a d  
e l emen t s  i n  t h e  c o n t a c t  p a t c h  and r e a c t i o n s  i n  t h e  founda-  
t i o n  a l o n g  t h e  c i r c u m f e r e n c e  of  t h e  beam, t h e  beam d e f l e c t s  
l a t e r a l l y  w i t h o u t  t i l t i n g .  The c a l c u l a t i o n  o f  i t s  l a t e r a l  
d e f l e c t i o n  i s  b a s e d  on t h e  a s sumpt ion  t h a t  t h e  c y l i n d r i c a l  
beam i s  c i r c u l a r .  Th i s  i m p l i e s  t h a t  t h e  e f f e c t  on t h e  
l a t e r a l  s t i f f n e s s  of  t h e  f l a t t e n i n g  o f  t h e  c u r v e d  beam i n  
t h e  c o n t a c t  a r e a  due t o  v e r t i c a l  l o a d  i s  d i s r e g a r d e d .  As an 
e x t e n s i o n  t o  t h i s  work,  e x p e r i m e n t a l l y  o b t a i n e d  G r e e n - f u n c t i o n s  
o f  t h e  k ind  o b t a i n e d  by Savkoor  [ l l ]  f o r  t h e  l a t e r a l  d e f l e c -  
t i o n  o f  a f l a t t e n e d  t i r e  s u b j e c t  t o  a  l a t e r a l  f o r c e  can b e  
u s e d  i n  l i e u  o f  t h e  beam e q u a t i o n .  
L o n g i t u d i n a l  f o r c e s  i n  t h e  c o n t a c t  p a t c h  w i l l  r o t a t e  
t h e  c i r c u m f e r e n t i a l l y  i n e x t e n s i b l e  beam on t h e  f o u n d a t i o n  and 
a l s o  t r a n s l a t e  t h e  c i r c u l a r  beam, a l l o w i n g  f o r  a  l o n g i t u d i n a l  
t r a n s l a t i o n  o f  t h e  c o n t a c t  p a t c h .  
The t r e a d  p a t t e r n  i s  assumed t o  c o n s i s t  o f  i n d i v i d u a l  
r u b b e r  b l o c k s  t h a t  a r e  d i s c o n t i n u o u s  i n  t h e  c i r c u m f e r e n t i a l  
d i r e c t i o n .  These  b l o c k s  a r e  r e p l a c e d  i n  t h e  model by 
i n f i n i t e l y  t h i n  l u g s  a c r o s s  t h e  w i d t h  o f  t h e  t i r e  w i t h  a  
c o n s t a n t  c i r c u m f e r e n t i a l  s p a c i n g  o f  t h e  e l e m e n t s .  The 
e l emen t s  d e f l e c t  l o n g i t u d i n a l l y  and l a t e r a l l y  when t h e y  a r e  
s u b j e c t  t o  t r a c t i o n  f o r c e s  i n  t h e  c o n t a c t  p a t c h .  The d e f l e c -  
t i o n s  i n  t h e  two d i r e c t i o n s  a r e  assumed t o  b e  i ndependen t  
o f  each  o t h e r .  The d i s t r i b u t i o n  and d e f l e c t i o n  o f  t r e a d  
e l emen t s  when b r a k i n g  and c o r n e r i n g  i s  s c h e m a t i c a l l y  g i v e n  
i n  F i g u r e  3 . 1  ( p .  9 ) .  
The mass o f  a  t r e a d  e lement  i s  assumed c o n c e n t r a t e d  a t  
i t s  o u t e r  end.  I n  o r d e r  t o  a l l o w  l o n g i t u d i n a l  and l a t e r a l  
d i s p l a c e m e n t  o f  t h e  e lement  m a s s e s ,  t h e y  a r e  a t t a c h e d  t o  
t h e  b e l t  b y  i ndependen t  l i n e a r  s p r i n g s  and dampers i n  t h e  
two d i r e c t i o n s .  S i n c e  t h e  mot ions  o f  t h e  t r e a d  e l e m e n t s  a r e  
a f f e c t e d  by i n e r t i a  f o r c e s ,  t h e y  can v i b r a t e  w i t h  t i r e  
s q u e a l  f r equency  when t h e  n e t  damping e x e r t e d  on them i s  
s m a l l  enough.  
S i n c e  t h e  beam i s  m a s s l e s s ,  t h e  i n e r t i a  f o r c e s  on t h e  
beam a t  v i b r a t i o n a l  modes a r e  m i s s i n g ,  r e n d e r i n g  t h e  r e s u l t s  
o n l y  o f  a  t h e o r e t i c a l  v a l u e  a t  h i g h e r  f r e q u e n c i e s .  
The d i s t r i b u t i o n  o f  v e r t i c a l  p r e s s u r e  i n  t h e  c o n t a c t  
p a t c h  i s  assumed l a t e r a l l y  un i fo rm and t o  have t h e  f u n c t i o n  
of  a  f o u r t h - o r d e r  p a r a b o l a  i n  t h e  l o n g i t u d i n a l  s e n s e .  Th i s  
seems a  r e a s o n a b l e  app rox ima t ion  a c c o r d i n g  t o  Borgmann [ 1 2 ] .  
L o n g i t u d i n a l  D e f l e c t i o n  o f  
E l emen t s  When B r a k i n g  
Wheel  plane A 0 
L a t e r a l  D e f l e c t i o n  o f  E l emen t s  
And Beam When C o r n e r i n g  
F i g u r e  3 . 1 .  Schema t i c  o f  D e f l e c t i o n  o f  D i s c o n t i n u o u s  
Row o f  I n f i n i t e l y  Thin E l e m e n t s .  
The t r a c t i o n  f o r c e  on an e lement  i n  t h e  c o n t a c t  p a t c h  
i s  de te rmined  by t h e  normal c o n t a c t  p r e s s u r e  and t h e  
s l i d i n g - v e l o c i t y - d e p e n d e n t  f r i c t i o n  c o e f f i c i e n t .  Due t o  
t h e  s p e c i a l  c h a r a c t e r  o f  t h i s  r e l a t i o n s h i p  a t  s m a l l  s l i d i n g  
v e l o c i t i e s ,  a  r e l a t i o n s h i p  w i t h  a f i n i t e  f r i c t i o n  c o e f f i c i e n t  
a t  zero  v e l o c i t y  has  been a p p l i e d  i n  t h i s  work. 
The p r e s e n t  s t u d y  concerns t h r e e  degrees  o f  freedom o f  
motion o f  t h e  wheel ( t h e  mounting r i m ) .  These a r e  r o t a t i o n  
about  t h e  wheel s p i n  a x i s ,  yawing motion about  a  v e r t i c a l  
a x i s  through t h e  wheel c e n t e r ,  and l a t e r a l  t r a n s l a t i o n  o f  
t h e  wheel p l a n e .  Wheel camber i s  n o t  c o n s i d e r e d .  
4 .  MODEL DEVELOPMENT 
4 . 1  GENERAL INFORMATION 
The un loaded  t i r e  i s  assumed t o  e x h i b i t  a  p l a n e  o f  
symmetry,  c a l l e d  t h e  wheel p l a n e ,  a t  r i g h t  a n g l e s  t o  t h e  
wheel  a x l e  ( s p i n  a x i s ) .  The wheel  c e n t e r  i s  l o c a t e d  by t h e  
i n t e r s e c t i o n  o f  t h e  s p i n  a x i s  w i t h  t h e  whee l  p l a n e .  A 
r e f e r e n c e  s y s t e m ,  xw ,  y, ( F i g .  4 . 1 ,  p .  1 3 ) ,  on t h e  s u r f a c e  
o f  t h e  r o a d  i s  r e l a t e d  t o  t h e  s t e a d y - s t a t e  mot ion  o f  t h e  
whee l .  The % - a x i s  i s  i n  t h e  i n t e r s e c t i o n  o f  t h e  whee l  p l a n e  
and t h e  r o a d  p o i n t i n g  i n  t h e  d i r e c t i o n  o f  t h e  whee l  p l a n e  
component of  t h e  s  t e a d y - s t a t e  t r a n s l a t o r y  fo rward  v e l o c i t y  
of  t h e  whee l .  The y w - a x i s  c o i n c i d e s  w i t h  t h e  p r o j e c t i o n  o f  
t h e  whee l  a x i s  on t h e  g round .  I t s  d i r e c t i o n  i s  t o  t h e  
r i g h t  when f a c i n g  i n  t h e  d i r e c t i o n  o f  t h e  x w - a x i s .  
I n  t h e  s t e a d y - s t a t e  mode, t h e  xw,  y, s y s t e m  h a s  a  t r a n s -  
l a t o r y  v e l o c i t y  W r e l a t i v e  t o  g round .  The a n g l e ,  a ,  between 
W and t h e  x w - a x i s  i s  r e f e r r e d  t o  a s  t h e  s l i p  a n g l e .  
I n  t h e  f r e e - r o l l i n g  mode t h e  l o n g i t u d i n a l  p o s i t i o n  o f  
t h e  midpo in t  o f  t h e  c o n t a c t  p a t c h  i s  assumed t o  l i e  on t h e  
y w - a x i s .  Due t o  s t e a d y - s t a t e  l o n g i t u d i n a l  f o r c e s ,  t h i s  
c e n t e r  g e t s  s h i f t e d  a d i s a n c e  U c  a l o n g  t h e  x w - a x i s .  A 
c o o r d i n a t e  s y s t e m ,  x  r 9  Yr, i s  now d e f i n e d  w i t h  t h e  x r - a x i s  
c o i n c i d i n g  w i t h  t h e  x w - a x i s  and t h e  o r i g i n  a t  x  = l J c .  w 
T h i s  sy s t em h a s  t h e  p r o p e r t y  a t  s t e a d y - s t a t e  t h a t  t h e  
x r - a x i s  l i e s  i n  t h e  wheel p l a n e  and t h e  y r - a x i s  d i v i d e s  
l o n g i t u d i n a l l y  t h e  l e n g t h  2a o f  t h e  c o n t a c t  p a t c h  i n t o  two 
e q u a l l y  l ong  p a r t s .  
With r e f e r e n c e  t o  F i g u r e  4 . 2 ,  t h e  t r a n s i e n t  mo t ions  
o f  t h e  wheel  p l a n e  a r e  i n t r o d u c e d  by t h e  r o t a t i o n  a ( t )  
Y 
and t r a n s l a t i o n  y  ( t )  o f  t h e  wheel  p l a n e  f i x e d  s y s t e m ,  x  L t ' 
Y t  , I t  i s  u n d e r s t o o d  t h a t  t h e  r o t a t i o n  and t r a n s l a t i o n  a r e  
such  t h a t  t h e y  g i v e  r i s e  o n l y  t o  s m a l l  i n c r e m e n t s  ( t o  t h e  
s t e a d y - s t a t e  s l i p  a n g l e )  o f  l o c a l  s l i p  a n g l e  a l o n g  t h e  
c o n t a c t  p a t c h .  I t  i s  o b s e r v e d  t h a t  a  r o t a t i o n  o f  t h e  whee l  
p l a n e  abou t  t h e  z w - a x i s  a t  a  l o n g i t u d i n a l  s l i p  w i l l  p roduce  
b o t h  a  r o t a t i o n  o f  t h e  x t ,  y t  s y s t e m  a s  w e l l  a s  a  t r a n s l a t i o n .  
T r a n s i e n t s  i n  t h e  whee l  p l a n e  a r e  c a u s e d  by changes  of  
t h e  %-component o f  W a n d / o r  t h e  r o t a t i o n a l  v e l o c i t y  o f  t h e  
whee l .  
The l a t e r a l  d e f l e c t i o n  o f  t h e  beam c e n t e r l i n e  r e l a t i v e  
t o  t h e  wheel  p l a n  i s  v C ( x ) ,  where x  i s  t h e  d i s t a n c e  i n  t h e  
wheel  p l a n e  from t h e  o r i g i n  o f  x r  o r  y t .  
4 .2  EQUATIONS DESCRIBING TREAD ELEMENT FlOTION 
The t r a n s l a t o r y  v e l o c i t y ,  W ,  o f  t h e  whee l  g i v e s  r i s e  t o  
a  l a t e r a l  s l i p  s p e e d ,  V o f  t h e  wheel  p l a n e .  
CY ' 
s i n  a 
The l o n g i t u d i n a l  s p e e d ,  Vx, o f  t h e  whee l  c e n t e r  i s  
g iven  by 
( - ' - - -  . - - -  
/ 
I 
' - . - -  - - - - -  
Wheel oxel pr~;ectl '~o , I 
F i g u r e  4 . 1  C o o r d i n a t e  Systems x w ,  y,, and  x r ,  y, 
on t h e  Road S u r f a c e  f o r  S t e a d y - S t a t e  b lo t ion .  
F i g u r e  4 . 2 .  C o o r d i n a t e  Sys tem x t ,  y t  f o r  
T r a n s i e n t  Mot ion .  
Vx = W cos  a ( 2 )  
I n t r o d u c i n g  Sx a s  l o n g i t u d i n a l  s l i p ,  t h e  l o n g i t u d i n a l  
s l i p  s p e e d ,  V c x ,  o f  t h e  b e l t  i n  t h e  c o n t a c t  a r e a  i s  g i v e n  
by 
F r e e - r o l l i n g  i s  i n d i c a t e d  by S  = 0 and l o c k e d - w h e e l  
X 
b r a k i n g  by Sx = 1. D r i v i n g  i s  o b t a i n e d  f o r  n e g a t i v e  S  
X 
v a l u e s .  
A p o i n t  on t h e  b e l t  t r a v e l s  t h r o u g h  t h e  c o n t a c t  p a t c h  
. 
a t  a s p e e d ,  x ,  g i v e n  by t h e  n e g a t i v e  r o l l i n g  s p e e d ,  V r .  
* x = - v  
r w i t h  V = V  - V  r x cx  
The l o c a t i o n ,  x ,  o f  a  p o i n t  on t h e  beam r e l a t i v e  t o  t h e  x  r 
o r i g i n  i s  t h e n  
where  a  i s  t h e  c o n t a c t  p a t c h  h a l f  l e n g t h  and t o  t h e  t i m e  
f o r  t h e  e n t r y  o f  an e l e m e n t  a t  x = a .  
The t r e a d  e l e m e n t s  a r e  r e g a r d e d  a s  i n f i n i t e l y  t h i n  
l a t e r a l  l u g s .  P e r  u n i t  c i r c u m f e r e n t i a l  l e n g t h ,  t h i s  t r e a d  
r u b b e r  h a s  a mass d e n s i t y  o f  nomina l  m l o n g i t u d i n a l  and n '  
l a t e r a l  s p r i n g  c o n s t a n t  r a t e s  o f  kx and k and damping 
Y '  
c o n s t a n t  r a t e s  o f  cx and c  . 
Y 
The mass i s  assumed c o n c e n t r a t e d  a t  t h e  o u t e r  p e r i p h e r y  
o f  t h e  t r e a d  s u r f a c e .  S i n c e  t h e  mass ,  m n ,  i s  d i s t r i b u t e d  
a l o n g  t h e  t h i c k n e s s  o f  t h e  t r e a d ,  an e f f e c t i v e  mass ,  m ,  h a s  
t o  t a k e  t h e  p l a c e  o f  mn i n  t h e  c o n c e n t r a t e d  mass a t  t h e  
p e r i p h e r y  a c c o r d i n g  t o  a  r e l a t i o n  g i v e n  i n  Appendix E.  
Let  u ( x )  and v ( x )  d e n o t e  t h e  l o n g i t u d i n a l  and l a t e r a l  
d i s p l a c e m e n t  o f  an e lement  r e l a t i v e  t o  i t s  u n d e f l e c t e d  p o s i -  
t i o n  on t h e  b e l t  c e n t e r l i n e  a s  i t  moves f rom e n t r y  t o  e x i t  
o f  t h e  c o n t a c t  p a t c h  ( F i g .  4 . 3 ) .  S i n c e  t h e  x r ,  y, s y s  tem 
has  a  s t e a d y - s t a t e  t r a n s l a t i o n  r e l a t i v e  t o  an i n e r t i a  s y s t e m ,  
t h e  e q u a t i o n s  o f  mot ion f o r  an e l emen t  w r i t t e n  i n  t h e  x r ,  
y r  s y s t e m  w i l l  t a k e  t h e  form 
where 
and q x  and q a r e  t h e  components o f  f r i c t i o n  f o r c e  on t h e  
Y 
e l emen t  due t o  i t s  speed  o f  s l i d i n g  o v e r  t h e  r o a d  s u r f a c e .  
The q; and q '  a r e  t h e  f o r c e s  t h a t  a c t  on t h e  beam. 
Y 
Figure  4 . 3 .  Moment, Forces  and D e f l e c t i o n s  f o r  
Element Dynamics a t  S teady  S t a t e .  
For  t h e  l o n g i t u d i n a l  component,  V s x ,  o f  s l i d i n g  
v e l o c i t y  o f  an e l emen t  we have 
For  t h e  l a t e r a l  component, 
v s ~  
, t h e  s l o p e  o f  t h e  beam 
due t o  t h e  l a t e r a l  f o r c e  d i s t r i b u t i o n  ha s  t o  b e  i n c l u d e d  
i n  t h e  d e r i v a t i o n  
I n  t h e  s t e a d y - s t a t e  iC i s  o b t a i n e d  from 
Here  v; i s  t h e  s l o p e  of  t h e  d e f l e c t e d  beam. The 
i s  g i v e n  i n  ( 4 )  a s  
Hence 
The r e s u l t a n t  s l i d i n g  v e l o c i t y ,  V s ,  i s  now g i v e n  by 
The s l i d i n g  v e l o c i t y  g i v e s  t h e  f r i c t i o n  c o e f f i c i e n t ,  p 
which i n  t u r n  w i t h  t h e  v e r t i c a l  p r e s s u r e  i n t e n s i t y ,  q 
z ' 
g i v e s  t h e  r e s u l t a n t  f r i c t i o n  i n t e n s i t y ,  q .  
Appendix A d e a l s  w i t h  c o n s i d e r a t i o n s  on t h e  c h o i c e  o f  p(Vs) 
f u n c t i o n .  
The r e s u l t a n t  components o f  f r i c t i o n  f o r c e  a r e  p r o -  
p o r t i o n a l  t o  and oppos ing  t h e  s l i d i n g  v e l o c i t y  components ,  
t h u s  : 
The d i s t r i b u t i o n  o f  f o r c e s  q;(x) and q 1  (x )  , which a r e  
Y 
o b t a i n e d  from t h e  e l emen t  d e f l e c t i o n s  a s  t h e y  move a l o n g  
t h e  c o n t a c t  p a t c h ,  a r e  i n t e g r a t e d  t o  g i v e  t h e  l o n g i t u d i n a l  
f o r c e ,  F x ,  and t h e  l a t e r a l  f o r c e ,  F a c t i n g  on t h e  wheel  
Y '  
a t  l o n g i t u d i n a l  s l i p ,  S x ,  and s l i p  a n g l e ,  a .  
For  t h e  M p a r t  of  t h e  a l i g n i n g  t o r q u e ,  MZ, t h e  
z Y 
i n t e g r a l  t a k e s  t h e  f o l l o w i n g  form:  
Note t h a t  t h i s  c o n t r i b u t i o n ,  M t o  t h e  a l i g n i n g  moment i s  
Z Y  ' 
o b t a i n e d  unde r  t h e  assumpt ion  o f  an i n f i n i t e l y  t h i n  t i r e .  
Without  a  l a t e r a l  f o r c e  d i s t r i b u t i o n ,  t h i s  component i s  z e r o .  
I n  S e c t i o n  4 . 4  w i l l  b e  g i v e n  t h e  c o n t r i b u t i o n ,  M Z x ,  by 
l o n g i t u d i n a l  f o r c e s  due t o  a  f i n i t e  t i r e  w i d t h .  
With KL d e n o t i n g  t h e  s p r i n g  c o n s t a n t  f o r  t h e  l o n g i -  
t u d i n a l  d e f l e c t i o n ,  U c ,  of  t h e  beam a t  t h e  p o i n t  o f  a c t i o n  
o f  a c i r c u m f e r e n t i a l  f o r c e ,  Fx ' we have  t h e  f o l l o w i n g  
r e l a t i o n s h i p :  
making 
S i n c e  a  knowledge of  t h e  l a t e r a l  f o r c e  d i s t r i b u t i o n  
q f  ( x )  i n  ( 7 )  i s  needed  t o  o b t a i n  t h e  beam d e f l e c t i o n  v C ( x ) ,  
Y 
and s i n c e  i t s  d e r i v a t i v e  v,'(x) i s  i m p l i c i t  i n  ( 7 )  and (9), 
an i t e r a t i v e  p r o c e s s  i s  n e c e s s a r y  t o  o b t a i n  t h e  s t e a d y - s t a t e  
e q u i l i b r i u m  s o l u t i o n .  
The way t o  o b t a i n  t h i s  s o l u t i o n  w i l l  b e  d e s c r i b e d  i n  
t h e  n e x t  s e c t i o n  on t h e  t r a n s i e n t  mode of  t h e  t i r e .  The 
mechanism d e v e l o p e d  f o r  t h i s  c a s e  w i l l  a l s o  y i e l d  t h e  s t e a d y -  
s t a t e  s o l u t i o n .  
4 . 3  E Q U A T I O N S  FOR NON- STEADY S L I P  
4 . 3 . 1  YAWING O S C I L L A T I O N S  O F  THE WHEEL P L A N E .  S u p e r -  
imposed on a  s t e a d y - s t a t e  r o l l i n g  a t  a  s l i p  a n g l e  o f  a i s  
a  s m a l l  a m p l i t u d e  s i n u s o i d a l  yawing o s c i l l a t i o n  o f  t h e  whee l  
p l a n e  abou t  t h e  x r ,  y  o r i g i n .  The x r ,  y  s y s t e m  s t a y s  a t  r r 
t h e  mean s l i p  a n g l e ,  a .  The s y s t e m  x t ,  y t  f o l l o w s  t h e  whee l  
p l a n e  ( s e e  F i g .  4 . 2 ) .  
The a n g l e ,  a o f  t h e  yawing mot ion  i s  g i v e n  by 
Y' 
a = a  
Y AY 
s i n  (wt)  ( 2  4 )  
where a i s  t h e  o s c i l l a t i o n  a m p l i t u d e  and w i s  t h e  c i r c u l a r  
AY 
f r e q u e n c y  i n  r a d / s e c .  
Due t o  t h e  o s c i l l a t i o n ,  t h e  f u n c t i o n s  v  and ; i n  ( 8 )  
o b t a i n  a d d i t i o n a l  t e rms  v and ; and become 
Y Y 
The d e f l e c t i o n  vc  v a r i e s  nnw n o t  o n l y  w i t h  x b u t  a l s o  
w i t h  t i m e .  The t ime  d e r i v a t i v e ,  c c ,  i s  t h e r e f o r e  t o  b e  t a k e n  
a s  t h e  t o t a l  d e r i v a t i v e .  
For  v  and ; we o b t a i n  t h e  f o l l o w i n g  r e l a t i o n s  
Y Y 
Making u s e  o f  ( 1 2 )  w i l l  change ( 2 8 )  i n t o  
4 . 3 . 2  TRAIJSLATORY O S C I L L A T I O N S  OF THE WHEEL P L A N E .  R e l a -  
t i v e  t o  t h e  o r i g i n  o f  t h e  x y  s y s t e m ,  t h e  wheel  p l a n e  r '  r 
p e r f o r m s  l a t e r a l  d i s p l a c e m e n t s ,  YL , g iven  by 
- 
Y~ - YAL s i n  (wt)  
where IA i s  n o t  n e c e s s a r i l y  t h e  same a s  i n  ( 2 4 ) .  The 
a d d i t i o n a l  t e rms  f o r  v  and ; t a k e  h e r e  t h e  form y  and L 
Y L~ hence f o r  combined t r a n s i t i o n a l  mot ions  we have  
where vg i n d i c a t e s  t h e  t o t a l  d e f l e c t i o n  from t h e  y r - a x i s  
of  t h e  e l emen t  b a s e p o i n t  on t h e  b e l t .  
I n  o r d e r  t o  s a v e  c a l c u l a t i o n  t i m e ,  t h e  e l emen t  b a s e -  
p o i n t  f u n c t i o n s  vg and vg i n  (31)  a r e  g i v e n  a  l i n e a r  a p p r o x i -  
ma t ion  w i t h i n  each  s e c t i o n .  The d e r i v a t i o n  o f  t h e i r  s e c t i o n -  
w i s e  l i n e a r  app rox ima t ions  f o r  v v  y L  and t h e i r  f i r s t  
C '  y '  
d e r i v a t i v e s  i s  g i v e n  i n  Appendix C .  
The c h o i c e  o f  t h e  v a l u e  of  N depends on t h e  r a t e  of  
change of  such  f u n c t i o n s  a s  y ,  YL, and cr.  A v a l u e  o f  
N = 2 0  ha s  been  u sed  t h r o u g h o u t  t h i s  r e p o r t .  
The t ime  r e q u i r e d  f o r  t h e  e l emen t s  t o  t r a v e l  t h r o u g h  
a s e c t i o n  i s  g i v e n  by 
Th i s  A t  i s  used  t o  i nc r emen t  t i n  ( 2 4 )  o r  ( 3 0 ) .  Th i s  scheme 
i s  a l s o  u sed  f o r  o b t a i n i n g  t h e  s t e a d y - s t a t e  s o l u t i o n  f o r  a  
c e r t a i n  s l i p  a n g l e ,  a .  
When o b t a i n i n g  s t e a d y - s t a t e  s o l u t i o n s  t h e  beam d e f l e c -  
t i o n  v e l o c i t y  (;c)x i s  n e g l e c t e d .  Rapid convergence  t o  t h e  
s t e a d y - s t a t e  from a r b i t r a r y  i n i t i a l  c o n d i t i o n s  r e s u l t s .  
For  t h e  t r a n s i e n t  mot ions  t h e  ( ; C ) X  h a s  t o  b e  r e t a i n e d .  
T h i s  c a u s e s  i n s t a b i l i t y  which has  been c u r e d  by a  scheme 
d e s c r i b e d  i n  Appendix C .  
4 . 4  CONTRIBUTION TO TRANSIENT A L I G N I N G  MOhlENT DUE TO 
FINITE WIDTH OF CONTACT PATCH 
The yawing mot ion o f  a  t i r e  o f  f i n i t e  w i d t h  g i v e s  r i s e  
t o  l o n g i t u d i n a l  d e f l e c t i o n s  of  t h e  t r e a d  e l e m e n t s .  These 
d e f l e c t i o n s  a r e  a n t i s y m m e t r i c  a c r o s s  t h e  w i d t h  o f  t h e  c o n t a c t  
p a t c h  and g i v e ,  t h e r e f o r e ,  r i s e  t o  a component,  MZx, o f  t h e  
a l i g n i n g  moment. 
We w i l l  h e r e  assume t h a t  t h e  l o n g i t u d i n a l  d e f l e c t i o n s  
o f  t h e  e l emen t s  w i l l  b e  s o  s m a l l  t h a t  s l i d i n g  can b e  i g n o r e d .  
T h i s  i s  a  r e a s o n a b l e  app rox ima t ion  when t h e  wheel  i s  f r e e  
r o l l i n g  and t h e  o s c i l l a t i o n  amp l i t ude  i s  s m a l l .  
A d e r i v a t i o n  o f  t h e  MZx component o f  t h e  a l i g n i n g  moment 
was f i r s t  g iven  by P a c e j k a  [ l o ] .  Exp re s sed  i n  t h e  c y c l e  
f r e q u e n c y ,  w ,  t h i s  c a n ,  a c c o r d i n g  t o  P h i l l i p s  1161, be 
w r i t t e n  a s  f o l l o w s :  
I n  a d d i t i o n  t o  p r e v i o u s l y  d e f i n e d  q u a n t i t i e s ,  b s t a n d s  
f o r  c o n t a c t  p a t c h  h a l f  w i d t h  and ;a i s  g iven  by 
4 . 5  ITERATIVE PROCESS F O R  FINDING v  .AND q '  
C Y 
The c o n t a c t  l e n g t h ,  2 a ,  i s  d i v i d e d  up i n  ?J e q u a l  
s e c t i o n s .  S i n c e  t h e  s e c t i o n s  a r e  t r a v e r s e d  from x = a  
t o  x  = - a ,  s e c t i o n  n r  1 s t a r t s  a t  x  = a  and s e c t i o n  n r  N 
ends a t  x  = - a .  I n f i n i t e l y  t h i n  t r e a d  e l emen t s  w i t h  a  s p a c -  
i n g  o f  2a/N a r e  f o l l o w e d  a s  t h e i r  a t t a c h m e n t  p o i n t s  on t h e  
beam move from s e c t i o n  t o  s e c t i o n  a l o n g  t h e  c o n t a c t  p a t c h  
( F i g .  3 . 1 ) .  As an o l d  e lement  l e a v e s  t h e  c o n t a c t  p a t c h  a t  
t h e  e x i t  end (x  = - a ) ,  a  new one e n t e r s  a t  t h e  e n t r y  ( x  = a ) .  
During t h e  p a s s a g e  o f  e l emen t s  t h rough  t h e i r  r e s p e c t i v e  
s e c t i o n s ,  t h e  beam d e f l e c t s  w i t h  t h e  s p e e d  (;c)x. The N 
l a t e r a l  f o r c e  d i s t r i b u t i o n s ,  ' o b t a i n e d  w i t h i n  each  one qyn 
o f  t h e  s e c t i o n s  a r e  i n t e g r a t e d  y i e l d i n g  N p o i n t  l o a d s ,  q ( x i ) ,  
assumed l o c a t e d  a t  t h e  c e n t e r  x = x o f  each  s e c t i o n .  i 
These N p o i n t  l o a d s  a r e  u sed  t o  c a l c u l a t e  t h e  d e f l e c -  
t i o n  v C ( x )  and t h e  s l o p e  v;(x) f o r  t h e  p a s s a g e  o f  t h e  
e l emen t s  t h r o u g h  t h e i r  n e x t  c o n s e c u t i v e  s e c t i o n s ,  and s o  on.  
The c a l c u l a t i o n s  o f  v c ( x )  and v k ( x )  due t o  t h e  p o i n t  
l o a d s  a r e  b a s e d  on t h e  e q u a t i o n  f o r  d e f l e c t i o n  o f  a  p o i n t  
l oaded  beam under  t e n s i o n  on an e l a s t i c  f o u n d a t i o n .  D e t a i l s  
o f  t h e s e  c a l c u l a t i o n s  a r e  g i v e n  i n  Appendix B .  

5.  MODEL IMPLEMENTATION 
The model h a s  b e e n  mechan ized  f o r  b o t h  p u r e  d i g i t a l  
and h y b r i d  ( d i g i t a l  p l u s  a n a l o g )  c o m p u t a t i o n .  The d i g i t a l  
programming l a n g u a g e  i s  FORTR4N IV. 
The d i g i t a l  v e r s i o n  i s  implemented  on a  D i g i t a l  
Equipment PDP 1 1 / 4 5 ,  making u s e  o f  t h e  i n t e r a c t i v e  i n t e g r a -  
1 t i o n  s y s t e m  program FORMIC . T h i s  FORMIC program i s  r e a d i l y  
t r a n s f e r a b l e  t o  o t h e r  t y p e s  o f  c o m p u t e r s .  
The h y b r i d  v e r s i o n  combines t h e  PDP 1 1 / 4 5  and  an A p p l i e d  
Dynamics AD/4 a n a l o g  compute r .  The a n a l o g  i s  u s e d  m a i n l y  
t o  p e r f o r m  t h e  i n t e g r a t i o n s  f o r  t h e  t r e a d  e l e m e n t  d y n a m i c s ,  
b r i n g i n g  down t h e  s o l u t i o n  t i m e  c o n s i d e r a b l y  compared t o  t h e  
p u r e  d i g i t a l .  Thus t h e  t i m e  r e q u i r e d  i n  t h e  h y b r i d  p rogram 
f o r  an  e l e m e n t  t o  p a s s  t h r o u g h  t h e  whole  l e n g t h  o f  a  20-  
s e c t i o n  c o n t a c t  p a t c h  i s  - 1 2 . 5  s e c .  a t  t i m e  s c a l e  1 0 0 .  I n  
t h e  p u r e  d i g i t a l  p rogram t h i s  r e q u i r e s  - 2 2 0  s e c . ,  r e s u l t i n g  
i n  a  t i m e  r a t i o  o f  - 1 7 . 5 .  
Appendix  G c o n t a i n s  an i n t r o d u c t o r y  p r e s e n t a t i o n  o f  
FORMIC t o g e t h e r  w i t h  t h e  FORTRAN programs  f o r  t h e  d i g i t a l  
and h y b r i d  v e r s i o n s  and an a n a l o g  p a t c h i n g  d i a g r a m  f o r  t h e  
h y b r i d  v e r s i o n .  
' ~ e v e l o ~ e d  by S a a b - S c a n i a  A B ,  Sweden. 

6 .  RESULTS 
6 . 1  O B T A I N I N G  A STEADY -STATE SOLUTION 
The s t e a d y - s t a t e  s o l u t i o n  a t  a  c e r t a i n  combina t i on  o f  
l o n g i t u d i n a l  and l a t e r a l  s l i p  can be  o b t a i n e d  from a r b i t r a r y  
i n i t i a l  c o n d i t i o n s .  Mos t ly  t h e s e  a r e  t a k e n  t o  be  t h e  
u n d e f l e c t e d  s t a t e  o f  beam and e l e m e n t s  w i t h  t h e  s l i p  numbers 
s e t  a t  t h e i r  d e s i r e d  v a l u e s .  A h e a v i l y  damped s t e a d y - s t a t e  
s o l u t i o n  i s  o b t a i n e d  by n e g l e c t i n g  t h e  d e f l e c t i o n  v e l o c i t y ,  
a v c / a t ,  o f  t h e  beam. The d i s t a n c e  t r a v e l e d  by t h e  t i r e  t o  
o b t a i n  a  s t e a d y  s t a t e  i s ,  unde r  t h e s e  c i r c u m s t a n c e s ,  s l i g h t l y  
more t h a n  t h e  l e n g t h  o f  t h e  c o n t a c t  p a t c h .  Note t h a t  t h i s  
damping i s  a  p r o p e r t y  o f  t h e  m a t h e m a t i c a l  s o l u t i o n  t e c h n i q u e  
and n o t  one o f  t h e  beam, which i n  t h e  c a s e  o f  s t e a d y - s t a t e  
s o l u t i o n s  i s  undamped. 
The development  o f  a  s t e a d y - s t a t e  s o l u t i o n  o f  l a t e r a l  
e l emen t  d e f l e c t i o n  (which i s ,  e x c e p t  f o r  t h e  s m a l l  damping 
f o r c e ,  d i r e c t l y  p r o p o r t i o n a l  t o  t h e  f o r c e  i n t e n s i t y  d i s t r i -  
b u t i o n )  i s  shown i n  F i g u r e  6 . 1  on page  30 f o r  a" = 4 "  f o r  
t h e  f i r s t  1 2  s t e p s  o f  t h e  c o m p u t a t i o n .  F i g u r e  6 . 1  a l s o  
shows t h e  f i n a l  d e f l e c t i o n  a f t e r  more t h a n  20 s t e p s .  The 
g r a d u a l  b u i l d - u p  t o  a  f i n a l  d e f l e c t i o n  by each  one o f  t h e  
2 0  e l e m e n t s  w i t h i n  t h e  c o n t a c t  p a t c h  i s  c l e a r l y  s e e n  i n  
F i g u r e  6 . 1 .  
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I n  s t e p  1, t h e  s l o p e s  o f  t h e  e lement  d e f l e c t i o n  
( g r a d i e n t  o f  l a t e r a l  f o r c e  i n t e n s i t y )  a r e  de t e rmined  s o l e l y  
by t h e  s l i p  a n g l e .  As t h e  beam g r a d u a l l y  g e t s  d e f l e c t e d ,  
i n  t h e  s u c c e s s i v e  s t e p s ,  t h e  s l o p e  o f  t h e  beam a f f e c t s  t h e  
s i t u a t i o n  and lowers  t h e  f o r c e  g r a d i e n t  i n  t h e  e n t r y  p a r t  
o f  t h e  c o n t a c t  p a t c h .  A t  t h e  r e a r ,  t h e  s l i d i n g  back  due t o  
d e c r e a s i n g  normal p r e s s u r e  i s  n o t e d .  
Close  o b s e r v a t i o n  ( f i n e  r e s o l u t i o n  on a  CRT)  r e v e a l s  
t h e  g r a d u a l  d e f l e c t i o n  o f  t h e  e l emen t s  a s  t h e y  e n t e r  i n t o  
t h e  c o n t a c t  p a t c h .  Th is  i s ,  o f  c o u r s e ,  due t o  t h e  t ime  
n e c e s s a r y  t o  a c c e l e r a t e  t h e  mass o f  t h e  e lement  away from 
t h e  e q u a t o r i a l  l i n e  o f  t h e  beam. The g r a d u a l  b u i l d - u p  o f  
t h e  v e r t i c a l  l o a d  i n t e n s i t y  adds t o  t h i s  e f f e c t .  
The s t e a d y - s t a t e  shape  o f  t h e  d i s t r i b u t i o n  o f  s l i d i n g  
v e l o c i t y  a t  2 0  mph t r a v e l i n g  s p e e d  f o r  a" = 4 i s  g i v e n  i n  
F i g u r e  6 . 2 .  Here t h r e e  r a n g e s  of  i n t e r e s t  p r e s e n t  t h e m s e l v e s .  
The f i r s t  i s  a t  t h e  e n t r y  i n t o  t h e  c o n t a c t  p a t c h .  Here t h e  
s l i d i n g  v e l o c i t y ,  which s t a r t s  w i t h  a  v a l u e  de t e rmined  by t h e  
s l i p  a n g l e  and t h e  s l o p e  o f  t h e  beam a t  t h e  e n t r y  p o i n t ,  
v e r y  r a p i d l y  goes down t o  z e r o ;  i . e . ,  t h e r e  i s  s t i c t i o n  o f  
t h e  e l emen t  t o  t h e  road  s u r f a c e .  The s t i c t i o n  r ange  p r e v a i l s  
u n t i l  t h e  d e f l e c t i o n  f o r c e  of t h e  e l emen t  overcomes t h e  
f r i c t i o n  f o r c e .  Then t h e  l a s t  r ange  s t a r t s  where t h e  e l emen t  
rebounds toward  t h e  beam i n  a  f a s h i o n  de t e rmined  t o  a  
l a r g e  e x t e n t  by  t h e  d e c r e a s i n g  v e r t i c a l  p r e s s u r e  a t  t h e  
p a t c h  e x i t .  The rebound has  t h e  n a t u r a l  f r equency  o f  t h e  
e lement  and an amp l i t ude  t h a t  i s  governed by t h e  damping 
i n  t h e  e lement  and t h e  n e g a t i v e  s l o p e  o f  t h e  p(VS) c u r v e  
i n  u n i s o n .  The o s c i l l a t i o n s  s p r e a d  o v e r  a  l a r g e r  p o r t i o n  
of t h e  c o n t a c t  p a t c h  a s  t h e  s l i p  a n g l e  i n c r e a s e s ,  and become 
more marked when t h e  damping c o e f f i c i e n t ,  c  i s  r e d u c e d  t o  
Y '  
z e r o .  Th i s  i s  a l s o  shown i n  F i g u r e  6 . 2  f o r  a O  = 4 and 1 6 .  
The o s c i l l a t i o n  f r equency  i s  - 7 7 0  H z  compared t o  t h e  
t h e o r e t i c a l  7 4 5  of  Appendix E .  F i g u r e  6 . 3  c o n t a i n s  a  p l o t  
o f  t h e  f o u r t h - o r d e r  v e r t i c a l  p r e s s u r e  d i s t r i b u t i o n  p a r a b o l a  
u sed  i n  t h i s  i n v e s t i g a t i o n .  
The g r aphs  shown o f  t h e  c o u r s e  t o  a  s t e a d y - s t a t e  
s o l u t i o n  have been o b t a i n e d  w i t h  t h e  f i n a l  p a r a m e t e r  v a l u e s  
f o r  beam and e l emen t s  g iven  i n  Appendix E .  
6 .2  STUDY OF TIRE PARAMETER EFFECTS ON CORNERING STIFFNESS 
(SLOPE, dF / d a ,  AT THE ORIGIN) 
Y 
The assumed s h a p e  of  t h e  p(Vs) cu rve  h a s  p r a c t i c a l l y  
no e f f e c t  on t h e  c o u r s e  o f  t h e  F  ( a )  r e l a t i o n  f o r  s m a l l  
Y 
a n g l e s ,  making i t  e s s e n t i a l l y  l i n e a r  i n  t h e  r ange  
-1 < a  < 1 I n  F i g u r e  6 . 4  i s  shown t h e  e f f e c t s  on F  a t  
Y 
a "  = 1 of  chang ing  i n d i v i d u a l l y  t h e  beam p a r a m e t e r s  E I ,  K ,  
and N by t h e  f a c t o r s  1 0 ,  2 ,  . 5 ,  . 2  from t h e i r  nominal  v a l u e s .  
I n  t h e  same f i g u r e  i s  a l s o  shown t h e  e f f e c t  o f  v a r y i n g  t h e  
t r e a d  e lement  s p r i n g  c o n s t a n t ,  k by t h e  f a c t o r s  1 . 8  t o  
Y '  
. 6  from i t s  nomina l  v a l u e .  
Figure 6.3. Shape of 4th Order Vertical 
Pressure Distribution. 
F i g u r e  6 . 4  The E f f e c t  on t h e  L a t e r a l  Force  Fy a t  
J 
S l i p  Angle a" = 1 of  V a r i a t i o n  o f  Beam 
P a r a m e t e r s  E I ,  K and N and Element 
L a t e r a l  S p r i n g  C o n s t a n t  k . 
Y 
S i n c e  t h e  e f f e c t  o f  chang ing  t h e  e l emen t  s p r i n g  
c o n s t a n t  i s  more p ronounced  t h a n  a  change i n  any o f  t h e  
o t h e r  p a r a m e t e r s  and i n  view o f  t h e  u n c e r t a i n t y  of  i t s  
d e r i v a t i o n ,  i t  seems j u s t i f i a b l e  t o  p u t  a l l  t h e  a d j u s t m e n t  
on t h i s  p a r a m e t e r  i n  o r d e r  t o  o b t a i n  t h e  same c o r n e r i n g  
s t i f f n e s s  a s  t h a t  o b t a i n e d  on t h e  mob i l e  t i r e  t e s t e r  [ Z ] .  
A l l  t h e  o t h e r  c o n s t a n t s  have  been  k e p t  a t  t h e i r  c a l c u l a t e d  
v a l u e s .  
F i g u r e  6 . 5  shows t h e  e f f e c t  t h e  v a r i a t i o n  o f  EI h a s  on 
t h e  l a t e r a l  d e f l e c t i o n  o f  t h e  t r e a d  e l e m e n t s  a n d ,  h e n c e ,  t h e  
i n t e n s i t y  o f  l a t e r a l  f o r c e .  N o t i c e  p a r t i c u l a r l y  t h a t  t h e  
e f f e c t  o f  a  weakening  o f  t h e  beam s t i f f n e s s  makes t h e  f o r c e  
i n t e n s i t y  more and more c o n c a v e ,  u n t i l  i t  even  shows a 
change o f  s i g n  i n  t h e  f o r w a r d  p a r t  o f  t h e  c o n t a c t  p a t c h .  
F i g u r e  6 . 5  a l s o  shows t h e  c o r r e s p o n d i n g  c o u r s e  o f  s l o p e  
o f  t h e  beam i n s i d e  t h e  c o n t a c t  p a t c h .  From t h i s  f i g u r e  t h e  
e x p l a n a t i o n  t o  t h e  change i n  s i g n  o f  t h e  1 a t e r p . l  f o r c e  
i n t e n s i t y  i s  t o  b e  found i n  t h e  i n c r e a s e  o f  s t e e p n e s s  o f  t h e  
s l o p e  a t  t h e  e n t r y  r e g i o n  o f  t h e  c o n t a c t  p a t c h .  
T h i s  i s  c l a r i f i e d  i n  F i g u r e  6 . 6  w h e r e ,  a t  a  s m a l l  s l i p  
a n g l e  ( a 0  = I ) ,  t h e  n o n - s l i d i n g  ground  c o n t a c t  l i n e  o f  t h e  
e l e m e n t s  i s  drawn from t h e  e n t r y  p o i n t  o f  t h e  beam a t  t h r e e  
d i f f e r e n t  v a l u e s  o f  s t i f f n e s s .  
I 
[ r o d J ( ~ n ~  degree ('nc/riafed) 
I - 
Figure  6 . 5  L a t e r a l  Element D e f l e c t i o n  R a t i o  v / 2 a  
( t o p )  and Beam C e n t e r l i n e  S lope  vc  
(bot tom) a t  a" = 1 f o r  Beam S t i f f n e s s  
EI = 1 0 - 3 3 5 ~ m ~  and Tens ion  N = 1000N. 
F i g u r e  
A i s  t h e  a round  c o n t a c t  
l i n e  f o r  i o n - s l i d i n g  m,' - - -- e l e m e n t s .  
6 . 6  L a t e r a l  R e l a t i v e  Beam C e n t e r l i n e  n e f l e c t  
R a t i o  vc /2a  a t  a" = 1 f o r  Beam S t i f f n e s s  
EI = 10,50,335 ~ r n ~  and Tens ion  N = lOOON 
i o n  
6 . 3  FRICTION CURVE PARAMETERS 
The n e x t  s t e p  was t o  f i n d ,  u n d e r  an assumed a n a l y t i c a l  
r e p r e s e n t a t i o n  ( F i g .  A6) o f  t h e  p(Vs) c u r v e ,  t h e  p a r a m e t e r  
v a l u e s  t h a t  made a  b e s t  f i t  t o  t h e  e x p e r i m e n t a l l y  o b t a i n e d  
F ( a )  r e l a t i o n  a t  2 0  mph. 
Y 
By v a r y i n g  t h e  p a r a m e t e r s  p 
P O '  p p l  ( d e f i n e d  i n  Appendix 
A) f o r  t h e  p a r a b o l a  and t h e  l i m i t  p l a t e a u  (p ) t o  g i v e  
P  t 
e x p e r i m e n t a l l y  o b t a i n e d  F v a l u e s  a t  a 0  = 4 ,  8 ,  1 2 ,  and 1 6 ,  
Y 
i t  was p o s s i b l e  t o  s e t t l e  on a  s e t  of  p a r a m e t e r s  t h a t  g i v e  
a  good f i t  f o r  t h e  whole e x p e r i m e n t a l  r a n g e  a 0  = 0 - 1 6 .  
F i g u r e  6 . 7  shows t h e  p p o - p p l  p a r a m e t e r  r e l a t i o n  f o r  t h e  
a - r a n g e  w i t h  p = 1.11. I t  t u r n s  o u t  t h a t  p = 1.11, 
P t P t  
p~ 0 
= . 2 1 ,  and p = 1 . 3 5  i s  t h e  o p t i m a l  c o m b i n a t i o n .  F i g u r e  
P I  
6 . 8  g i v e s  t h e  r e s u l t a n t  f i t  w i t h  e x p e r i m e n t a l  d a t a  p o i n t s  
i n d i c a t e d .  
The d e c l i n e  of  t h e  u(Vs) c u r v e  f o r  l a r g e  v a l u e s  o f  Vs 
does  n o t  i n f l u e n c e  t h e  F  v e r s u s  a c u r v e  t o  any n o t i c e a b l e  
Y 
d e g r e e  f o r  s l i p  a n g l e s  < 16' a t  20 mph. The h y p e r b o l i c  p a r t  
o f  t h e  p(Vs) c u r v e  was t h e r e f o r e  o b t a i n e d  from an e q u i v a l e n t  
f i t t i n g  o p e r a t i o n  o f  t h e  Fx(Sx)  r e l a t i o n  f o r  . 5  < Sx < . 8 .  
w - 
The p a r a m e t e r  v a l u e s  f o r  t h e  h y p e r b o l a  s e t t l e d  on a r e :  
PH = 1 . 4 ,  pAS = - 7 ,  and VAS = - . 2 5 5  W R e f  where  W R e f  i s  
d e f i n e d  i n  Appendix F .  
F i g u r e  6 . 7 .  E s t a b l i s h i n g  Bes t  F i t  P a r a m e t e r  Values  
f o r  t h e  p(VS)  f u n c t i o n .  
F i g u r e  6 . 8  Comparison Between Computed F (S ) and 
X X 
F (a) Functions and E x p e r i m e n t a l  Da t a .  
Y 
The p(Vs) cu rve  t h u s  a r r i v e d  a t ,  and u sed  f o r  t h e  main 
p a r t  o f  t h e  r e s u l t s  p r e s e n t e d  i n  t h e  r e s t  o f  t h i s  r e p o r t ,  
i s  shown i n  F i g u r e  6 .9  and i n  F i g u r e  6 .12  ( t o p - l e f t ) .  
As can be  s e e n  from F i g u r e  6 . 8 ,  t h e  f i t  f o r  t h e  F (a)  
Y 
f u n c t i o n  i s  good ,  whereas  t h e  f i t  f o r  t h e  Fx(Sx) f u n c t i o n  i s  
n o t  good i n  t h e  r a n g e  . 0 5  < Sx < - 2 .  No doub t  a  more 
d e t a i l e d  r e p r e s e n t a t i o n  o f  t h e  p(Vs)  cu rve  and a  more 
e l a b o r a t e  s i m u l t a n e o u s  f i t t i n g  p r o c e d u r e  f o r  t h e  two f u n c t i o n s  
w i l l  improve t h i s  s i t u a t i o n .  
6 . 4  STEADY-STATE IIISTRIBUTION OF SLIDING VELOCITY AND 
ELEMENT DEFLECTION AT VARIOllS SLIP V.ALlrES 
I n  F i g u r e  6 . 9  a r e  comp i l ed  t h e  d i s t r i b u t i o n  o f  e l emen t  
s l i d i n g  v e l o c i t y  and d e f l e c t i o n  i n t e n s i t y  i n  t h e  l a t e r a l  
d i r e c t i o n  f o r  t h e  f r e e - r o l l i n g  t i r e  a t  s l i p  a n g l e s  a 0  = 1,  
2 ,  4 ,  8 ,  1 2 ,  1 6 .  
Pe rhaps  t h e  most i n t e r e s t i n g  f e a t u r e  o f  t h e  g r a p h s  on 
s l i d i n g  v e l o c i t y  a r e  t h e  g r a d u a l  d e c r e a s e  o f  t h e  r ange  o f  no  
s l i d i n g  w i t h  i n c r e a s i n g  s l i p  a n g l e .  The n o n - s l i d i n g  r e g i o n  
v a n i s h e s  a t  a  v a l u e  o f  a" z 6 . 2 .  The i n i t i a l  s l i d i n g  
v e l o c i t y  a t  i t s  e n t r y  p o i n t  i s  o f  c o u r s e  d e t e r m i n e d  by t h e  
s l i p  a n g l e  and beam s l o p e  c o n d i t i o n s  a t  t h i s  p o i n t .  The 
h i g h e r  t h e  s l i p  a n g l e ,  t h e  e a r l i e r  i n  t h e  c o n t a c t  p a t c h  w i l l  
o c c u r  t h e  s t a r t  o f  s l i d i n g  a f t e r  s t i c t i o n  ( o r  i n c r e a s e  o f  
s l i d i n g  v e l o c i t y  a f t e r  an i n i t i a l  d e c r e a s e ) .  T h i s  i s ,  o f  
c o u r s e ,  a  r e s u l t  o f  t h e  f a c t  t h a t  t h e  l a t e r a l  f o r c e  i n t e n s i t y ,  
Figure 6.9 Distribution of Element Lateral Sliding Velocity V (top) 
s Y 
and L a t e r a l  Element Deflection Ratio v /2a  (bottom) for 
a 0  = 1 - 1 6  at S x  = 0. 
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which h a s  t o  overcome t h e  f r i c t i o n  f o r c e ,  i s  b u i l t  up more 
r a p i d l y  t h e  g r e a t e r  t h e  s l i p  a n g l e .  
S i n c e  t h e  s l i d i n g  v e l o c i t y  a t  a t r a v e l i n g  v e l o c i t y  
o f  20 mph and  a" < 16 h a r d l y  goes  beyond -11 mph, which  
i s  where  t h e  n e g a t i v e  s l o p e  o f  t h e  p(VS) c u r v e  s t a r t s ,  no  
n o t i c e a b l e  o s c i l l a t i o n s  o f  t h e  e l emen t  o c c u r  a t  nomina l  
e l emen t  damping.  
I f ,  however ,  t h e  e l emen t  damping i s  r educed  t o  z e r o ,  
o s c i l l a t i o n s  do o c c u r ,  a s  i s  e v i d e n t  f rom F i g u r e  6 . 2 .  I t  
s h o u l d  b e  n o t e d  t h a t  t h e  f r e q u e n c y  o f  o s c i l l a t i o n  i s  found  
t o  b e  - 7 7 0  Hz ( n a t u r a l  f r e q u e n c y  7 4 5  H z )  which  i s  w e l l  w i t h -  
i n  t h e  r a n g e  o f  o b s e r v e d  s q u e a l  f r e q u e n c i e s  o f  t i r e s .  As 
h a s  been  i n d i c a t e d  b e f o r e ,  t h e  a m p l i t u d e  o f  t h e  o s c i l l a t i o n  
i s  governed  by t h e  combined e f f e c t  o f  t h e  damping c o e f f i c i e n t  
o f  t h e  e l emen t  and t h e  n e g a t i v e  s l o p e  o f  t h e  p(Vs) c u r v e .  
F i g u r e  6 .10  shows t h e  d e f l e c t i o n  c u r v e s  f o r  t h e  beam. 
i n s i d e  t h e  c o n t a c t  p a t c h  a t  s l i p  a n g l e s  a 0  = 1,  2 ,  4 ,  8 ,  
1 2 ,  16 .  L i k e w i s e ,  t h e  beam s l o p e  i s  shown i n  F i g u r e  6 . 1 1 .  
B e s i d e s  what ha s  been  p o i n t e d  o u t  a l r e a d y  r e g a r d i n g  t h e  
d e f l e c t i o n  f u n c t i o n s ,  a t t e n t i o n  i s  d i r e c t e d  t o  t h e i r  s h a p e  
a t  t h e  h i g h e s t  a n g l e s .  T h i s  s h a p e  a p p r o a c h e s  t h a t  o f  t h e  
v e r t i c a l  p r e s s u r e  d i s t r i b u t i o n  ( F i g .  6 . 3 ) .  
I n  F i g u r e  6 .12  a r e  shown t h e  d i s t r i b u t i o n  o f  e l e m e n t  
s l i d i n g  v e l o c i t y  and d e f l e c t i o n  i n  t h e  l o n g i t u d i n a l  s e n s e  
f o r  t h e  s l i p  numbers Sx = . O 1  - . 8  a t  a" = 0 .  The main 
Figure 6.10 Deflection Ratio vc/2a o f  Beam I n s i d e  
Contact  Pa tch  a t  S l i p  Angles a" = 1 - 1 6 .  
I 
Zl [rod](onc and f w o  dr7rcc~;nd;cofed) 
F i g u r e  6 . 1 1 .  Ream C e n t e r l i n e  S l o p  v '  a t  S l i p  Angles  
a 0  = 1 - 1 6 .  c 
Figure 6 . 1 2  Distribution of Element Longitudinal Sliding Velocity 
(top) and Longitudinal Element Deflection Ratio u/2a 
(bottom) for S x  = 0.01 - . 8  a t  a 0  = 0 .  
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d i f f e r e n c e s  between t h e s e  r e s u l t s  and t h o s e  f o r  l a t e r a l  
s l i p  a r e  due t o  t h e  f a c t  t h a t  t h e  beam h a s  a  l a t e r a l  
e l a s t i c i t y  b u t  i s  l o n g i t u d i n a l l y  i n e x t e n s i b l e .  
Because h e r e  t h e  s l i d i n g  v e l o c i t y  r e a c h e s  w e l l  i n t o  t h e  
r ange  of n e g a t i v e  s l o p e  o f  t h e  p(Vs) f u n c t i o n  f o r  S  > - 5 ,  
X - 
a  pronounced o s c i l l a t i o n  o f  t h e  e l e m e n t s  o c c u r s  f o r  S  . 6 .  
X 
I n  a c t u a l  e x p e r i m e n t a l  c o n d i t i o n s  t h e  s q u e a l  seems a l r e a d y  
t o  have s t a r t e d  when Sx i s  a p p r o a c h i n g  a  l ower  v a l u e  a t  
which maximum F x  o c c u r s .  Th i s  can b e  t a k e n  a s  an i n d i c a t i o n  
t h a t  t h e  p l a t e a u  o f  t h e  p(VS) c u r v e  s h o u l d  be  r e p l a c e d  by 
a  s h a l l o w  a r c ,  t h u s  a l l o w i n g  t h e  n e g a t i v e  s l o p e  o f  t h e  p(VS) 
c u r v e  t o  commence e a r l i e r .  
6 .  5  LONGITUDINAL AYD LATERAL FORCE AND ALIGNING MOMENT AT 
COMBINED SLIP 
F i g u r e s  6 . 1 3  and 6 . 1 4  c o n t a i n  t h e  f u n c t i o n s  Fx(Sx)  and 
F (S ) ,  r e s p e c t i v e l y ,  w i t h  s l i p  a n g l e  a a s  t h e  p a r a m e t e r .  
Y x  
For  compa r i son ,  e x p e r i m e n t a l  d a t a  o b t a i n e d  on c o n c r e t e  f o r  
t h e  R 7 0 B  t i r e  [ 2 ]  a r e  shown, t o g e t h e r  w i t h  t h o s e  computed.  
A g e n e r a l  t r e n d  i s  f o r  t h e  computed Fx v a l u e s  t o  b e  
h i g h e r  t h a n  t h e  e x p e r i m e n t a l ,  t h e  h i g h e r  t h e  l o n g i t u d i n a l  
and l a t e r a l  s l i p .  For  t h e  F v a l u e s ,  i t  i s  t h e  o p p o s i t e .  
Y 
There  a r e  s e v e r a l  a p p r o x i m a t i o n s  i n  t h e  model t h a t  can 
c o n c e i v a b l y  be  t h e  cause  o f  t h e s e  d i s c r e p a n c i e s .  
Figure 6.13 Longitudinal 1:orce FX VS. Longitudinal Slip Sx 
at Slip Angle 2" = O - 16. 
4' 
Figure 6 - 1 4  Lateral Force F vs. Longitudinal Slip Sx 
Y 
at Slip Angle a" = 2 - 16. 
1. The model assurnci; i s o t r o p i c  f r i c t i o n .  The re  
& r e ,  however ,  e x p e r i m e n t a l  i n d i c a t i o n s  o f  a n i s o -  
t r o p i c  f r i c t i o n  be tween  road  s u r f a c e  and t h e  
t r e a d  p a t t e r n .  An e x p l a n a t i o n  of  t h i s  l i e s  i n  
t h e  o r t h o t o p o l o g y  o f  t h e  t r e a d  p a t t e r n .  When 
t h e  r u b b e r  b l o c k s  i n  t h e  c o n t a c t  p a t c h  t e n d  t o  
t i l t  due t o  a  f r i c t i o n  f o r c e ,  t h e  d i s t r i b u t i o n  
o f  normal  c o n t a c t  p r e s s u r e  w i t h i n  t h e  b o u n d a r i e s  
o f  t h e  b l o c k  w i l l  b e  a f f e c t e d .  T h i s  i n  t u r n  can 
change t h e  f r i c t i o n  c o e f f i c i e n t .  Because  o f  t h e  
o r t h o t o p o l o g y  an o r t h o t r o p i c  f r i c t i o n  p r o p e r t y  
can b e  e x p e c t e d .  The o r d e r  o f  t h i s  e f f e c t  i s ,  
however ,  unknown. 
2 .  S t i l l  a n o t h e r  e f f e c t  o f  o r t h o t o p o l o g y  o f  t h e  
t r e a d  p a t t e r n  i s  t o  c o u p l e  t h e  l o n g i t u d i n a l  and 
l a t e r a l  d e f l e c t i o n s  o f  t h e  t r e a d  e l e r , e n t s .  
S p e c i f i c a l l y ,  a t  l a r g e  d e f l e c t i o n s  i n  one 
d i r e c t i o n ,  t h e  e f f e c t  i n  t h e  o t h e r  d i r e c t i o n  may 
b e  a p p r e c i a b l e .  
3 .  Ano the r  a p p r o x i m a t i o n  r e l a t e s  t o  t h c  e l e m e n t  
s p r i n g  f o r c e .  A c o n s t a n t  s p r i n g  r a t e  h a s  been  
assumed i n  t h e  model .  From d a t a  g i v e n  i n  Appendix 
E t h i s  seems t o  be  a  t o o  c r u d e  appro:;imation w i t h  
r e g a r d  t o  t h e  l a r g e  d e f l e c t i o n s  e n c o u n t e r e d  by 
t h e  e l e m e n t s .  A more r e a l i s t i c  n o n l i n e a r  f o r c e  
d e f l e c t i o n  r e l a t i o n  o f  t h e  e l e m e n t s  w i l l  s h i f t  
t h e  computed r e s u l t s  i n  t h e  d i r e c t i o n  o f  t h e  
e x p e r i m e n t a l .  The c o m p l e x i t y  o f  t h e  dynamics 
o f  t h e  e lement  makes i t ,  however ,  d i f f i c u l t  t o  
make a  q u a n t i t a t i v e  e s t i m a t e  of  t h i s  e f f e c t .  
4 .  S t i l l  a n o t h e r  f a c t o r  t h a t  a f f e c t s  t h e  i s s u e  i s  
t h e  r e p r e s e n t a t i o n  of  t h e  l a t e r a l  b e l t  d e f l e c -  
t i o n .  S i n c e  t h e r e  i s  a s t r o n g  i n t e r a c t i o n  o f  
d i s t r i b u t i o n  o f  s i d e  f o r c e  i n  t h e  c o n t a c t  p a t c h  
and t h e  d i s t r i b u t i o n  of  t h e  s l o p e  o f  b e l t  
c e n t e r l i n e ,  i t  seems c l e a r  t h a t  a  t r u e  r e p r e -  
s e n t a t i o n  o f  t h e  beam d e f l e c t i o n  i s  e 5 s e n t i a l .  
F i g u r e  6 . 1 5  i s  a  1: ( F  ) r e p r e s e n t a t i o n  o f  t h e  d a t a  w i t h  
s 
s l i p  a n g l e  a as  p a r a m e t e r .  !I few p a r a m e t r i c  S v a l u e s  a r e  x 
i n d i c a t e d .  
The a l i g n i n g  moment, M ( S  ) ,  i s  shown i n  F i g u r e  6 . 1 6  z X 
w i t h  s l i p  a n g l e  a a s  p a r a m e t e r .  ?Jo e x p e r i m e n t a l  d a t a  f o r  
t h e  R70B t i r e  a r e  a v a i l a b l e .  T h e o r e t i c a l  and e x p e r i m e n t a l  
r e s u l t s  o f  a l i g n i n g  moment g i v e n  i n  1131 f o r  a  6 . 4 5 - 1 4  t i r e  
a t  a  v e r t i c a l  l o a d  o f  -3500 N a r e  p r e s e n t e d  i n  F i g u r e  6 . 1 7 .  
As can be s e e n  by a  compar i son ,  t h e  g e n e r a l  t r e n d  o f  t h e  
c u r v e s  o f  F i g u r e  6 .16  seems t o  b e  v e r y  much i q  agreement  w i t h  
t h o s e  o f  F i g u r e  6 . 1 7 .  
I n  F i g u r e s  6 . 1 8  and 6 . 1 9  a r e  g i v e n  F ( a )  and MZ(a) w i t h  
Y 
l o n g i t u d i n a l  s l i p  Sx a s  p a r a m e t e r .  


Fig. 9. Sclf-aligning torque vcnur t ~ a c -  
Gve and braking forcrs at vavious 
slip anglcs (C~lculatc.d v~lut.5 are 
shown.) 
Fig. 7. Sclf-aiigning torque vcrsus slip ratio at 
various s!~p angles (C'nlcul.~ted values 




." I .- 
S l ~ p  angle ,) 
8 '  
Fig. 19. Self-sligr~ing toque veous tractive or braking 
toque at various slip nnglcr (Okada's t a t  
valua and calculatc.d va lue  arc shown.) 
F i g u r e  6 . 1 7 .  T h e o r e t i c a l  and E x p e r i m e n t a l  A l i g n i n g  Moment 
Curves  Reproduced From R e f e r e n c e  (131 .  
5 3 
F i g u r e  6 . 1 8  L a t e r a l  F o r c e  F and  A l i g n i n g  Moment ?dZ v s .  
Y 
S l i p  Angle  a a t n L o n g i t u d i n . a l  B r a k i n g  S l i p  
S = 0 - . 8 .  
X 5 4 
F i g u r e  6 . 1 9  L a t e r a l  F o r c e  F and A l i g n i n g  ?foment HZ v s .  
Y 
S l i p  Angle  a a t  L o n g i t u d i n a l  D r i v i n g  S l i p  
S  = - . 0 5  - - . 5 .  
X 
6.6 TRANSIENT RESULTS 
To o b t a i n  t h e  t r a n s i e n t  r e s u l t s  f o r  l a t e ~ a l  f o r c e s  
t h e  beam d e f l e c t i o n  v e l o c i t . y ,  a v c / 2 t ,  h a s  t o  b e  r e t a i n e d .  
For t h e  s o l u t i o n s  t o  e x h i b i t  dynamjc e q u i l i b r i u m ,  a beam 
d e f l e c t i o n  damping h a s  t o  b e  i n t r o d u c e d .  T h i s  i s  o u t l i n e d  
i n  Appendix C .  The ad hoc  v a l u e  o f  t h e  damping c o e f f i c i e n t ,  
CB, u s e d  i s  CB = .06. I t  t u r n s  o u t  t h a t  t h i s  v a l u e  g i v e s  a  
smooth b u i l d - u p  o f  l a t e r a l  f o r c e  d i s t r i b u t i o r ,  f c r  t h e  dynamic 
e q u i l i b r i u m  s o l u t i o n  and a l s o  keeps  t h e  trans!-erit  s o l u t i o n s  
s t a b l e .  I f  t h i s  damping v a l u e  i s  i n c r e a s e d  t o  > . O R ,  
L 
t h e  s o l u t i o n s  become u n s t a b l e  and d i v e r g e .  I f  i r  i s  l ower  
t h a n  CB = . 0 5 :  .<he r e s p o n s e  g e t s  t o o  s l u g g i s h .  
A b a s i c  check on t h e  t r a n s i e n t  p rogram i s  .:he g r a d u a l  
b u i l d - u p  o f  t h e  l a t e r a l  f o r c e ,  F f o r  a  c e r t a i n  c o n s t a n t  
Y' 
s l i p  a n g l e  f rom t h e  u n d e f l e c t e d  s t a r t i n g  s i t u a t i o n .  T h i s  
h a s  b e e n  p l o t t e d  i n  F i g u r e  6 . 2 0  f o r  a" = 4 .  Comparison i s  
shown w i t h  d a t a  from a  f l a t - b e d  t e s t  a t  1 . 4 4  mph. A t  t h e  
s m a l l  a n g l e  t e s t e d ,  t h e  d i f f e r e n c e  i n  v e l o c i t y  ( 2 0  v s .  1 . 4 4  
mph) s h o u l d  have no  e f f e c t .  The model r e s u l t s  c o r r e l a t e  
w e l l  w i t h  t h e  e x p e r i m e n t a l  d a t a  shown i n  F i g u r e  6 . 2 0 .  
A c e n t r a l  a p p l i c a t i o n  o f  t h e  t r a n s i e n t  c a p h c i l i t y  o f  
t h e  model i s  ts t h e  a n a l y s i s  o f  shimmy b e h a v i 3 r .  
The t i r e  h a s  been  s u b j e c t  t o  yaw o s c i l l a t i o n s  a t  v a r i o u s  
f r e q u e n c i e s  i n  t h e  r a n g e  1 . 5  < f < 30 H z  ( a t  20 mph f r e e -  
r o l l i n g  s p e e d )  a t  a  mean s l i p  a n g l e  a; = 0  and an a n g l e  
a m p l i t u d e  ( h a l f  peak- to -peak)  o f  ai = 1. 
F i g u r e  6 . 2 0  Gradual  B u i l d - u p  o f  L a t e r a l  Force  F from 
Y 
an I n i t i a l l y  U n d e f l e c t e d  T i r e  a t  a 0  = 4 .  
Comparison w i t h  F l a t  Bed Run. 
The r a t i o  o f  t r a n s i e n t  t o  s t e a d y - s t a t e  a m p i i t u d e  v a l u e  
- 
of  l a t e r a l  f o r c e ,  F and t h e  c o n t r i b u t i o n ,  
Y '  Z Y  ' o f  t h e  
l a t e r a l  f o r c e  d i s t r i b u t i o n  t o  t h e  a l i g n i n g  t o r q u e ,  V Z ,  have  
been  p l o t t e d  on doub le  l o g a r i t h m i c  s c a l e s  and t h e  p h a s e  
a n g l e  on s e m i - l o g a r i t h m i c  s c a l e  a s  f u n c t i o n s  o f  t h e  non -  
d i m e n s i o n a l  f r e q u e n c y  w = 2 1 ~ f  e a/lV where  a  i s  h a l f  t h e  
a  
c o n t a c t  l e n g t h  and 1V i s  t h e  f r e e - r o l l i n g  speed. .  
S i n c e  t h e  c o n t r i b u t i o n ,  Rzx ' t o  t h e  a l i g n i n g  t o r q u e  
f rom a d i s t r i b u t i o n  o f  l o n g i t u d i n a l  f o r c e s  has b e e n  computed 
i n  a  s i m p l i f i e d  way, o n l y  t h e  p a r t  c o n t r i b u t e d  by t h e  l a t e r a l  
f o r c e  d i s t r i b u t i o n ,  RZy , h a s  b e e n  p r e s e n t e d  i.n t h e  g r a p h s .  
The c o n t r i b u t i o n ,  flzx , by t h e  l o n g i t u d i n a l  f o r c e s  i s  g i v e n  
i n  F i g u r e  6 . 2 1 .  To o b t a i n  t h e  t o t a l  a l i g n i n g  moment, WZ, a 
v e c t o r i a l  a d d i t i o n  o f  t h e  two components h a s  t o  b e  done .  
F i g u r e  6 .22  shows F (i ) and c o r r e s p o n d i n g  p h a s e  a n g l e  
Y a  
( )  . S i m i l a r l y ,  F i g u r e  6 . 2  3 g i v e s  (Ga) and c o r r e s -  
Z Y  
pond ing  p h a s e  a n g l e  mM(Ga). F i g u r e  6 . 2 4  g i v e s  t h e  p o l a r  
r e p r e s e n t a t i o n  o f  t h e  F (mF) r e l a t i o n .  The (dW) r e l a t i o n  
Y Z Y  
i s  g i v e n  i n  F i g u r e  6 . 2 5 .  No e x p e r i m e n t a l  shimmy measu re -  
ments have  been  done w i t h  t h i s  t i r e .  We t h e ~ e f o r e  have  t o  
r e s o r t  t o  compar i son  w i t h  d a t a  p r e s e n t e d ,  e . g . ,  by P a c e j k a  
[14 ]  and [ I S ] ,  o r  P h i l i p s  [16]  f o r  an e s t i m a t e  o f  t h e  
r e l i a b i l i t y  o f  t h e  model o u t p u t .  T h i s  compar i son  t u r n s  o u t  
f a v o r a b l y ,  a s  shown p a r t i c u l a r l y  by t h e  (Ga) and mM(Ga) 
Z Y  
f u n c t i o n s .  The most n o t i c e a b l e  f e a t u r e  o f  t h e  r e s u l t s  i s  
- 
F i g u r e  6 . 2 1  A l i g n i n g ? l o m e n t  A m p l i t u d e  R a t i o  ?I a n d  P h a s e  
ZX 
Angle  bxf Due t o  F i n i t e  Wheel lVidth v s .  
Computed D a t a :  S l i d i n g  O , S t i c t i o n  X 
Assumed Course  o f  Computed Curve - - - - - - -  
F i g u r e  6 . 2 2  L a t e r a l  Fo rce  Ampl i tude  R a t i o  ( t o p )  
Y 
and Phase  Angle  @ F  (bo t tom)  v s .  Non- 
D imens iona l  Reduced Ft,equency ija a t  
W = 2 0  mph. Mean Angle  a; = 0 and 
Angula r  Ampl i tude  ai = 1. 
Computed D a t a :  S l i d i n g  O , S t i c t i o n  X 
Assumed C o u r s e  o f  Computed Curve  - - - - - - -  
F i g u r e  6 . 2 3  A l i g n i n g  \foment A m p l i t u d e  R a t i o  
Y 
( t o p )  and P h a s e  A n g l e  ( b o t t o m )  v s .  
i I 
z Y 
)!on- n i m e n s i o n a l  Reduced F r e q u e n c y  za 
a t  W = 2 0  mph, Vean Angle  a; = 0 a n d  
1 
A n g u l a r  A m p l i t u d e  a;. = 1. 
I 
Computed D a t a :  S l i d i n g  0 , S t i c t i o n  X 
Assumed Cour se  o f  Computed Curve- - - - - 
-- - - -- - 
. --A-  - 
F i g u r e  6 . 2 4  P o l a r  P l o t  f (mF) w i t h  t h e  Non-Dimens iona l  
Y 
Frequency  ;a I n d i c a t e d .  Computed Va lue s  
f o r  Element S l i d i n g  and S t i c t i o n .  
Computed Data:  S l i d i n g  0 , S t i c t i o n  X 
Assumed Cour se  o f  Computed Curve -  - - - - 
F i g u r e  6 . 2 5  P o l a r  P l o t  fl ( ) w i t h  Non- i l imens iona l  
ZY ?I.,,, 
Y 
Frequency  ;a I n d i c a t e d .  Computed Va lue s  f o r  
Element  S l i d i n g  and S t i c t i o n .  
t o  s h i f t  t h e  f u n c t i o n s  i n  t h e  p l o t  d iagrams  t o  t h e  r i g h t  
i n  t h e  ne ighbo rhood  o f  t h e  o r i g i n .  No doubt  t h i s  e f f e c t  
can be  a t t r i b u t e d  t o  t h e  i n t r o d u c e d  beam ad hoc  damping.  
The compu ta t i ons  have been  made b o t h  f o r  s l i d i n g  a b i l i t y  
o f  t h e  t r e a d  e l e m e n t s  and f o r  no s l i d i n g  anywhere a l o n g  t h e  
c o n t a c t  p a t c h  (p = a). As can  be  s e e n  from t h e  p r e s e n t e d  
r e s u l t s ,  no a p p r e c i a b l e  d i f f e r e n c e  between t h e  two c o n d i t i o n s  
i s  a p p a r e n t .  T h i s  f i n d i n g  i s  e x p l a i n e d  by a  s t u d y  o f  t h e  
s t e a d y - s t a t e  s l i d i n g  s i t u a t i o n  a t  a 0  = 1. The two s l i d i n g  
r a n g e s  a r e  c o n f i n e d  t o  t h e  ex t r eme  end p o i n t s  o f  t h e  c o n t a c t  
p a t c h ,  and t h e r e f o r e  t h e y  a f f e c t  o n l y  t o  a  l e s s e r  d e g r e e  
t h e  d i s t r i b u t i o n  o f  l a t e r a l  f o r c e .  
A t  l a r g e r  mean a n g l e s  t h e  s i t u a t i o n  i s  d i f f e r e n t ,  s i n c e  
h e r e  t h e  s l i d i n g  v e l o c i t y  i s  z e r o  f o r  o n l y  a  s n a i l  p o r t i o n  
of  t h e  c o n t a c t  p a t c h .  T h i s  r e p o r t ,  however ,  does  n o t  p r e s e n t  
t h e  c a l c u l a t i o n  a f  shimmy d a t a  a t  mean a n g l e s  o t h e r  t h a n  z e r o .  
Due t o  t h e  n o n - l i n e a r i t y  of  T!Z(a) and Fv(a)  a t  a' > 3 s u c h  
d a t a  would have  t o  b e  o b t a i n e d  by a p p l y i n g  t h e  model t o  a  
c o m p l e t e ,  a l b e i t  s i m p l e ,  s y s t e m  c o m p r i s i n g  a  c a s t e r e d  w h e e l ,  
w i t h  i n e r t i a ,  s u b j e c t  t o  a  compl i ance  moment. 
The d e f l e c t i o n  c u r v e s ,  r e l a t i v e  t o  t h e  beam p roduced  
by  each  new e l emen t  t h a t  e n t e r s  t h e  c o n t a c t  p a t c h ,  a s  t h e  
yaw a n g l e  a t  d i f f e r e n t  f r e q u e n c i e s  g r a d u a l l y  v a r i e s ,  have  been  
o b t a i n e d  on a  p l o t t e r .  T h i s  v a r i a t i o n  o f  e l e m e n t  d e f l e c t i o n  
d i s t r i b u t i o n  i s  p r e s e n t e d  i n  F i g u r e  6 . 2 6  (bo t tom)  f o r  t h e  

n o n - d i m e n s i o n a l  f r e q u e n c y  o 1 . 4 .  The t o p  p a r t  o f  F i g u r e  a  
6 . 2 6  shows t h e  F ( a )  f u n c t i o n  r e l a t e d  t o  t h i s  d e f l e c t i o n  
Y 
d i s t r i b u t i o n .  The l a t e r a l  f o r c e  d i s t r i b u t i o n  i s ,  b u t  f o r  
t h e  s m a l l  e l emen t  damping,  p r o p o r t i o n a l  t o  t h i s  d e f l e c t i o n .  
The yaw a n g l e  r a n g e  c o v e r e d  i n  t h e  l ower  p a r t  o f  
F i g u r e  6 . 2 6  i s  a "  = +1 -+ 0 + -1. T h i s  r ange  and  t h e  
d i r e c t i o n  t h e  f u n c t i o n  i s  t r a v e r s e d  i s  i n d i c a t e d  i n  t h e  t o p  
f i g u r e .  
The d o t s  i n  t h i s  f i g u r e  i n d i c a t e  s u c c e s s i v e  c o o r d i n a t e s  
as a g e t s  i n c r e m e n t e d  a c c o r d i n g  t o  t h e  r e l a t i o n  
where  A t  i s  t h e  t i m e  t a k e n  f o r  t h e  e l e m e n t s  t o  t r a v e l  t h e  
l e n g t h  o f  a  c o n t a c t  p a t c h  s e c t i o n .  
The c o n t i n u o u s  l i n e s ,  s l i g h t l y  b roken  a t  t h e  s e c t i o n  
b o u n d a r i e s ,  show t h e  p a t h ,  r e l a t i v e  t o  t h e  b?am, t h a t  each  
e l emen t  f o l l o w s  on i t s  way t h r o u g h  t h e  c o n t a c t  p a t c h  f rom 
e n t r y  t o  e x i t .  
The "ze ro"  i n  each  s e c t i o n  i n d i c a t e s  t h e  p a t h  o f  t h e  
e l emen t  w i t h i n  a  s e c t i o n  when t h e  yaw a n g l e  o f  t h e  whee l  
p l a n e  p a s s e s  t h e  v a l u e  o f  z e r o .  The f i g u r e  r e v e a l s  how t h e  
e l e m e n t s  r e p l a c e  each  o t h e r  i n  t h e  s e c t i o n s  b e i n g  s l i g h t l y  
d i f f e r e n t l y  d e f l e c t e d  due t o  t h e  change i n  yaw a n g l e  d u r i n g  
t h e  s e c t i o n  p a s s a g e  t i m e .  The s l a s h e s  on t h e  e l emen t s  i n  
t h e  one ex t r eme  p o s i t i o n  i n d i c a t e  t h e i r  d e f l e c t i o n s  when 
t h e  yaw a n g l e  i s  a" = + I .  The o t h e r  ex t reme p o s i t i o n  i s  i n  
t h e  ne ighborhood  o f  a" = -1. 
Pe rhaps  t h e  most s t r i k i n g  f e a t u r e  o f  t h e  d i s t r i b u t i o l l  
o f  e lement  d e f l e c t i o n  i s  t h e  n o d a l  p o i n t .  T h i s  node i s  
coming i n  from t h e  e x i t  end a s  t h e  f r e q u e n c y  i n c r e a s e s .  I t  
l i e s  a t  t h e  e x i t  f o r  ;a - - 5 6 .  
F i g u r e  6 . 2 7  (bo t tom)  shows t h e  d i s t r i b u t i o n  o f  e l emen t  
d e f l e c t i o n  a t  ;a = . 5 6  where  fl h a s  i t s  minimum. The t o p  
z Y 
of  t h e  f i g u r e  g i v e s  t h e  F ( a )  f u n c t i o n  r e l a t e d  -:a t h e  
Y 
d e f l e c t i o n  p a r t .  The yaw a n g l e  r ange  i s  a" = 0 -+ - 1  -+ 0 .  
Th i s  i s  i n d i c a t e d  i n  t h e  t o p  f i g u r e ,  Due t o  p o o r  a c c u r a c y  
o f  a  computer  component when t h i s  p l o t  was made, t h e  con-  
t i n u i t y  of  t h e  l i n e s  i s  b roken  a t  some i n s t a ; , c e s .  From t h e  
symmetry o f  t h e  d i s t r i b u t i o n  o f  d e f l e c t i o n  a t  a' = 0 i t  can 
b e  i n f e r r e d  t h a t  t h e  r e s u l t i n g  a l i g n m e n t  moment a t  t h i s  a n g l e  
must  b e  s m a l l ,  a s  i s  a l s o  shown i n  F i g u r e  6 . 2 3 .  
F i g u r e  6 . 2 7  Fy(a)  Function (top) and Elenlent Lateral 
~ e f l e c t i o n  v Relative to Beam Centerline for 
a o  = 0 + - 1  - 0 (bottom) at Waa = . 5 6 .  
7 .  CONCLUSIONS 
The t r e a d - e l e n l e n t - f o l l o w i n g  niodel g i v e s  a  v e r y  good 
i n s i g h t  i n t o  t h e  d i s t r i b u t i o n  of  e l emen t  s l i d i n g  s p e e d  and 
a l s o  t h e  d e f l e c t i o n  p a t t e r n  o f  t r e a d  and c a r c a s s  and hence  
t h e  d i s t r i b u t i o n  o f  t r a c t i o n  f o r c e s  i n  t h e  c o n t a c t  a r e a  due 
t o  c e r t a i n  s h a p e  o f  t h e  f r i c t i o n  f u n c t i o n  p (Vs ) .  I t  i s  a l s o  
p o s s i b l e  t o  work backwards  from e x p e r i m e n t a l l y  o b t a i n e d  
f o r c e - s l i p  r e l a t i o n s  t o  o b t a i n  a  r e a s o n a b l e  re ; -nesen ta t ion  
o f  t h e  f r i c t i o n  f u n c t i o n  which was p r e v a i l i n g  wr-en t h e  f o r c e  
measurements  on t h e  t i r e  were  made on t h e  r o a d .  An o p t i -  
m i z a t i o n  f i t t i n g  o f  e x p e r i m e n t a l l y  o b t a i n e d  r e s u l t s  i n c l u d i n g  
p a r t i c u l a r l y  t h e  a l i g n i n g  moment w i l l  h ave  t h e  c a p a b i l i t y  
o f  y i e l d i n g  a  d e t a i l e d  r e p r e s e n t a t i o n  o f  t h e  az.:ual p(Vs) 
f u n c t i o n .  However, r e a s o n a b l e  f o r c e  d i s t r i b u t i o n s  and 
s l i d i n g - s t i c t i o n  c o n d i t i o n s  o f  t h e  t r e a d  e l e m e n t s  i n  t h e  
c o n t a c t  p a t c h  i n  good a c c o r d  w i t h  e x p e r i m e n t a l l y  o b t a i n e d  
d a t a  have  been  t h e  r e s u l t  o f  t h e  model .  
I t  h a s  been  n o t e d  w i t h  s a t i s f a c t i o n  t h a t  t h e  dynamic 
r e p r e s e n t a t i o n  o f  t h e  t r e a d  e l e m e n t s  can g i v e  r i s e  t o  a  
s q u e a l  o s c i l l a t i o n  o f  e x p e r i m e n t a l l y  o b s e r v e d  f r e q u e n c y .  The 
o s c i l l a t i o n s  o c c u r ,  a s  o b s e r v e d  on t h e  r e a l  t i r e ,  when t h e  
s l i p  v a r i a b l e  h a s  b r o u g h t  t h e  e l e m e n t s  t o  o p e r a t e  on t h e  
d e c l i n i n g  p a r t  o f  t h e  p(VS) c u r v e .  
The l a t e r a l  d e f l e c t i o n  o f  t h e  t r e a d  b a s e  h a s  b e e n  g i v e n  
a  r e l a t i v e l y  s i m p l e  r e p r e s e n t a t i o n :  a beam on a  f o u n d a t i o n  
w i t h  a  l a t e r a l  s p r i n g  c o n s t a n t  u n a f f e c t e d  by t h e  r a d i a l  
f l a t t e n i n g  i n  t h e  c o n t a c t  a r e a .  I t  h a s  become e v i d e n t  from 
t h e  pe r fo rmed  s t u d y  t h a t  t h e  s l o p e  o f  t h e  beam a t  t h e  e n t r y  
p o i n t  o f  t h e  c o n t a c t  p a t c h  d e t e r m i n e s  t o  a  g r e a t  e x t e n t  t h e  
d e f l e c t i o n s  o f  t h e  e l e m e n t s  i n  t h e  c o n t a c t  p a t c h ;  f o r  
o b t a i n i n g  t h e  d i s t r i b u t i o n  o f  t h e  l a t e r a l  f o r c e ,  i t  i s  con-  
c e i v a b l e  t h a t  t h i s  t r e a d  b a s e  r e p r e s e n t a t i o n  i s  somewhat 
c r u d e .  
A one -e l emen t  model ,  i . e . ,  a  model w i t h  o n l y  one t r e a d  
e l emen t  t r a v e l i n g  t h r o u g h  t h e  c o n t a c t  p a t c h  ac a t i m e ,  i s  
s u f f i c i e n t  f o r  a  s t e a d y - s t a t e  s i t u a t i o n  when t h e  c o n d i t i o n s  
i n  t h e  c o n t a c t  p a t c h  a r e  f u n c t i o n s  o f  l o c a t i o n  o n l y .  For  
t r a n s i e n t  phenomena, however ,  t h e  c o n d i t i o n s  i n  t h e  c o n t a c t  
p a t c h  v a r y  n o t  o n l y  w i t h  l o c a t i o n  b u t  a l s o  w i t h  t i m e  a t  e ach  
l o c a t i o n .  Th i s  makes i t  n e c e s s a r y  t o  i n t r o d u c e  a  m u l t i t u d e  
o f  e l e m e n t s  i n  o r d e r  t o  g i v e  a  r e a l i s t i c  r e p r e s e n t a t i o n  o f  
t h e  t r a n s i e n t  b e h a v i o r  o f  t h e  t i r e .  We have  u sed  20 e l e m e n t s  
which seems t o  b e  s u f f i c i e n t  f o r  t h e  l ower  p o r t i o n  o f  t h e  
f r equency  r a n g e ,  s a y ,  below a  v a l u e  o f  wa 1 . 4  (non-  
d i m e n s i o n a l  c i r c u l a r  f r e q u e n c y ) .  For  h i g h e r  v a l u e s  t h e  
v a r i a t i o n  a t  a  l o c a t i o n  becomes t o o  l a r g e  t o  b e  cove red  by 
a  t i m e  i n c r e m e n t  which i s  a  20 th  o f  t h e  p a t c h  p a s s a g e  t i m e .  
A l a r g e r  number o f  e l e m e n t s  must b e  c o n s i d e r e d .  The model 
p r o v i d e s  f o r  a  s u c c e s s i v e  i n c r e a s e  of  e l e m e n t s  a s  r e q u i r e d .  
The t r a n s i e n t  yawing r e s u l t s  f o r  s i d e  f o r c e  and a l i g n i n g  
moment compare w e l l  w i t h  t h o s e  g i v e n  i n  p u b l i s h e d  p a p e r s  f o r  
n o n - s l i d i n g  e l e m e n t s  a t  a  mean s l i p  a n g l e  o f  z e r o  d e g r e e s .  
There  i s ,  however ,  a  s u s p i c i o n  t h a t  t h e  beam damping i n t r o -  
duced f o r  s t a b i l i t y  p u r p o s e s ,  i s  n o t  o p t i m a l .  T h i s  ad hoc 
damping seems t o  i n f l u e n c e  t h e  d a t a  unduly  a t  h i g h e r  
f r e q u e n c i e s .  
The c a p a b i l i t y  o f  t h e  model t o  a l l o w  o s c i l l a t i o n s  a b o u t  
a  mean s l i p  a n g l e  d i f f e r e n t  from z e r o ,  when e x t e n d e d  s l i d i n g  
may o c c u r ,  h a s  n o t  been  f u l l y  e x p l o r e d .  S t o r a g e  o s c i l l o -  
s c o p e  o b s e r v a t i o n s  o f  s l i d i n g  and d e f l e c t i o n s  h a v e ,  however ,  
r e v e a l e d  t h e  e x p e c t e d  app rox ima te  s u p e r p o s i t i o r i s  o f  t h e  
o s c i l l a t o r y  b e h a v i o r  on t h e  s t e a d y - s t a t e  s i t u a t i o n .  I t  
would b e  i n t e r e s t i n g ,  and d e f i n i t e l y  o f  some v a l u e ,  t o  u s e  
t h e  model f o r  t h e  s t u d y  o f  a  p i v o t i n g  whee l  (one  w i t h  mass) 
t h a t  can  b e  g i v e n  a  b i a s  p i v o t i n g  moment th6-c o r i n g s  t h e  
mean s l i p  a n g l e  w i t h i n  t h e  r a n g e  where  t h e  maximum o f  t h e  
a l i g n i n g  moment o c c u r s  ( a 0  - 3 ) .  The n o n - l i n e a r i t i e s  o f  
t h i s  a r r a n g e n e n t  would most c e r t a i n l y  g i v e  r i s e  t o  
i n t e r e s t i n g  e f f e c t s .  
The t r e a d - e l e m e n t  - f o l l o w i n p  model i s  c o r n ~ l e x  and 
r e q u i r e s  q u i t e  a  l o t  o f  compu ta t i on  t i m e ,  p a r t i c u l a r l y  f o r  
t h e  beam d e f l e c t i o n  due t o  t h e  d i s t r i b u t e d  p o i n t  l o a d s .  I t  
i s ,  t h e r e f o r e ,  a  g r e a t  a d v a n t a g e ,  i n  view o f  t i m e  r e d u c t i o n ,  
t o  have  a c c e s s  t o  a  h y b r i d  compu ta t i on  f a c i l i t y .  A r a t i o  
o f  - 1 7 . 5  h a s  been  o b t a i n e d  f o r  t h e  t i m e  r e q u i r e d  f o r  p u r e  
d i g i t a l  s o l u t i o n s  on t h e  PDP 1 1 / 4 5  t o  t h e  t i m e  o f  h y b r i d  
c o m p u t a t i o n s ,  u s i n g  t h e  c o m b i n a t i o n  o f  t h i s  cornputer  w i t h  
t h e  A D - 4  a n a l o g  c o m p u t e r .  The h y b r i d  p r o g r a m  can p r o b a b l y  
b e  i m p r o v e d  t o  make e v e n  more u s e  o f  t h e  a n a l o g ,  r e d u c i n g  
f u r t h e r  t h e  h y b r i d  r u n n i n g  t i m e  and  i t  i s  n o t  i n c o n c e i v a b l e  
t h a t  t h i s  t i m e  r a t i o  c a n  b e  r a i s e d  t o  a  v a l u e  o f  - 5 0 .  
8 .  SUGGESTIONS FOR FUTURE DEVELOPMENTS 
R e f i n e d  r e p r e s e n t a t i o n  o f  t h e  f r i c t i o n  f u n c t i o n ,  
v (LTS) 
O p t i m i z a t i o n  f i t t i n g  o f  t h e  p ( \ i  s ) f u n c t i o n  t o  a  
combina t i on  o f  l a t e r a l  f o r c e ,  a l i g n i n g  moment, and 
l o n g i t u d i n a l  f o r c e .  
A more a c c u r a t e  r e p r e s e n t a t i o n  o f  l a t e r a l  c a r c a s s  
d e f l e c t i o n  t h r o u g h  r e f i n e d  beam e q u a t i o n  o r  e x p e r i -  
m e n t a l l y  o b t a i n e d  Green f u n c t i o n .  Emphasis on s l o p e  
d i s t r i b u t i o n .  
I n t r o d u c t i o n  o f  n o n l i n e s r  t r e a d  e l emen t  f o r c e -  
d e f l e c t i o n  f u n c t i o n s .  
Cons i d e r a t i o n  of  c o u p l e d  l a t e r a l  and l ong i t . : l d ina l  
e l emen t  d e f l e c t i o n s .  
F i n i t e  t i r e  w i d t h  w i t h  a  m u l t i t u d e  o f  c i r c u m f e r e n t i a l  
e l emen t  rows t o  accoun t  f o r  n o n l i n e a r  c o n t r i b u t i o n  
t o  a l i g n i n g  moment from l o n g i t u d i n a l  f o r c e s  a t  non-  
z e r o  shimmy mean a n g l e s .  
As a consequence o f  (6), an i n t r o d u c t i o n  o f  an a r e a  
d i s t r i b u t i o n  o f  v e r t i c a l  p r e s s u r e  i n  t h e  c o n t a c t  
p a t c h  w i l l  be  a p p r o p r i a t e .  
Improve t h e  beam damping scheme f o r  t r a n s i e n t  m o t i o n s .  
Run t h e  model on a c a s t e r e d  whee l  w i t h  i n e r t i a  and 
s t e e r i n g  compl iance  a t  mean a n g l e s  i n  t h e  n o n l i n e a r  
r ange  o f  t h e  a l i g n i n g  moment. 
7 3 
1 0 .  I n t r o d u c e  t i r e  i n e r t i a  f o r c e s .  
11. Account f o r  t i r e  i n c l i n a t i o n  (camber)  . 
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11. SYMBOLS AND TERMINOLOGY 
c o n s t a n t s  i n  t h e  e q u a t i o n  f o r  u n i t  l o a d  beam 
d e f l e c t i o n  
a  c o n t a c t  p a t c h  h a l f  l e n g t h  
b c o n t a c t  p a t c h  h a l f  w id th  
b~ b e l t  h a l f  w i d t h  
C~ beam damping c o e f f i c i e n t  
Cx ' Cy t r e a d  e lement  damping c o n s t a n t s  
E.1 beam s t i f f n e s s  
F X J y  , F z  r e s u l t i n g  f o r c e s  on t h e  wheel 
o s c i l l a t i o n  c y c l e  f r equency  
n a t u r a l  t r e a d  e lement  c y c l e  f r equency  
K beam f o u n d a t i o n  s p r i n g  c o n s t a n t  
c i r c u m f e r e n t i a l  c a r c a s s  s p r i n g  c o n s t a n t  
combined l o n g i t u d i n a l  c a r c a s s  and t r e a d  s p r i n g  
c o n s t a n t  
K~ l o n g i t u d i n a l  c a r c a s s  s p r i n g  c o n s t a n t  
kx ' ky t r e a d  e lement  s p r i n g  c o n s t a n t s  
L t i r e  c i r c u m f e r e n c e  h a l f  l e n g t h  
M 
MZ'MZx' zy a l i g n i n g  moment and components due t o  l o n g i -  
t u d i n a l  and l a t e r a l  f o r c e  d i s t r i b u t i o n s  
nominal  l o n g i t u d i n a l  d i s t r i b u t i o n  o f  t r e a d  
e l emen t  mass 
r educed  l o n g i t u d i n a l  d i s t r i b u t i o n  o f  t r e a d  
e l emen t  mass 
beam t e n s i o n  
i n f l a t i o n  p r e s s u r e  
beam p o i n t  l o a d  
r e s u l t i n g  f r i c t i o n  f o r c e  i n t e n s i t y  
components o f  f r i c t i o n  f o r c e  i n t e n s i t y  
v e r t i c a l  p r e s s u r e  i n t e n s i t y  
components o f  t h e  sum o f  t r e a d  e l emen t  s p r i n g  
and damping i n t e n s i t i e s  
l o n g i t u d i n a l  s l i p  
r o o t s  o f  t h e  beam e q u a t i o n  
i ndependen t  v a r i a b l e  t i m e  ; a l s o  t r e a d  t h i c k n e s s  
t i m e  a t  s e c t i o n  e n t r y  
t ime  f rom s e c t i o n  e n t r y  
s e c t i o n  p a s s a g e  t ime  
l o n g i t u d i n a l  d i s p l a c e m e n t  o f  c o n t a c t  p a t c h  
c e n t e r  due t o  t h e  l o n g i t u d i n a l  t i r e  f o r c e  Fx 
l o n g i t u d i n a l  d e f l e c t i o n  o f  a  t r e a d  e l e m e n t  
r e l a t i v e  t o  i t s  b a s e  p o i n t  on t h e  t r e a d  b a s e  
c o n s t a n t  i n  t h e  a n a l y t i c a l  r e p r e s e n t a t i o n  o f  
IJ (VS) 
l o n g i t u d i n a l  s l i p  o f  t h e  b e l t  
l a t e r a l  s l i p  o f  t h e  wheel  p l a n e  
l o n g i t u d i n a l  s p e e d  o f  t h e  wheel  c e n t e r  
r o l l i n g  speed  o f  t h e  wheel  
r e s u l t a n t  s l i d i n g  s p e e d  of  a  t r e a d  e l emen t  
c o o r d i n a t e s  o f  t h e  t r e a d  e l emen t  s l i d i n g  s p e e d  
l a t e r a l  d e f l e c t i o n  o f  a  t r e a d  e l emen t  r e l a t i v e  
t o  i t s  b a s e  p o i n t  on t h e  t r e a d  b a s e  
l a t e r a l  d i s p l a c e m e n t  o f  t h e  t r e a d  b a s e  r e l a t i v e  
t o  t h e  wheel p l a n e  a t  s t e a d y  s t a t e  
l a t e r a l  beam d e f l e c t i o n  r e l a t i v e  t o  wheel  p l a n e  
l a t e r a l  d i s p l a c e m e n t  o f  a  p o i n t  on t h e  wheel  
p l a n e ,  due t o  yawing ,  r e l a t i v e  t o  s t e a d y - s t a t e  
wheel p l a n e  
t r a v e l i n g  v e l o c i t y  o f  t h e  whee l  c e n t e r  
r e f e r e n c e  t r a v e l i n g  v e l o c i t y  
e f f e c t i v e  w i d t h  o f  t r e a d  p a t t e r n  
b a s e  p o i n t  c o o r d i n a t e  i n  t h e  whee l  p l a n e  from 
t h e  xt  o r i g i n  
c o o r d i n a t e  f o r  beam d e f l e c t i o n  yi due t o  p o i n t  
l o a d  a t  5 
j 
s t e a d y - s t a t e  c o o r d i n a t e  s y s t e m  f o r  t h e  c o n t a c t  
a r e a  
d i s t a n c e  from s e c t i o n  e n t r y  
Xt  ' Y t  t r a n s i e n t  c o o r d i n a t e  s y s  tem f o r  t h e  c o n t a c t  
a r e a  
X,q'Yw y Z w  
s t e a d y - s t a t e  c o o r d i n a t e  s y s  tern r e f e r r e d  t o  
t h e  wheel c o n t a c t  c e n t e r  
Y i beam d e f l e c t i o n  due t o  u n i t  p o i n t  l o a d  a t  
t i  ( G r e e n ' s  f u n c t i o n )  
Y A L  ampl i tude  of  l a t e r a l  d i s p l a c e m e n t  of  t h e  
wheel p l a n e  
Y L  
l a t e r a l  t r a n s i e n t  d i s p l a c e m e n t  of  t h e  wheel  
p l a n e  
a s l i p  a n g l e  ( s t e a d y  s t a t e )  
aM = a mean a n g l e  a t  t r a n s i e n t  yawing 




a m p l i t u d e  o f  t r a n s i e n t  yawing 
Y s p e c i f i c  mass o f  t h e  t r e a d  r u b b e r  
u f r i c t i o n  c o e f f i c i e n t  
c o o r d i n a t e  o f  beam p o i n t  l o a d  
phase  a n g l e  f o r  F 
Y 
p p o ' ~ p l  
ppt "H"AS 
@ M  ' @ M  phase  a n g l e s  f o r  nz, and 8 zx zy ZY 
I c o n s t a n t s  i n  t h e  a n a l y t i c a l  r e p r e s e n t a t i o n  o f  p(Vs) 
w o s c i l l a t i o n  a n g u l a r  f r e q u e n c y  
- 
W a  n o n - d i m e n s i o n a l  a n g u l a r  f r e q u e n c y ;  r e f e r e n c e  
l e n g t h  a  
( * ) = d (  ) / d t  t i m e  d e r i v a t i v e  
( ' ) = d (  ) / d x  f u n c t i o n  s l o p e  
( a / a t ) x  p a r t i a l  d e r i v a t i v e  w i t h  r e s p e c t  t o  t w i t h  
x  c o n s t a n t  
( a /  ax),  p a r t i a l  d e r i v a t i v e  w i t h  r e s p e c t  t o  x w i t h  
t c o n s t a n t  
S u b s c r i p t s  
b a r  o v e r ' v a r i a b l e  i n d i c a t e s  n o n - d i m e n s i o n a l  
q u a n t i t y  
f i n a l  c o n d i t i o n  f o r  a c o n t a c t  p a t c h  s e c t i o n  
i n i t i a l  c o n d i t i o n  f o r  a  c o n t a c t  p a t c h  s e c t i o n  
s e c t i o n  number i n  t h e  c o n t a c t  p a t c h  o r  




The f r i c t i o n  f o r c e ,  q ,  a c t i n g  on each  t r e a d  e lement  i s  
o b t a i n e d  from t h e  r e l a t i o n  
Here q Z ( x )  i s  t h e  l o n g i t u d i n a l  i n t e n s i t y  of  t h e  v e r t i c a l  l o a d  
d i s t r i b u t i o n  i n  t h e  c o n t a c t  p a t c h .  
S i n c e  t h e  e l emen t s  can r e spond  t o  t h e  f o r c e s  a p p l i e d  on 
them by s l i d i n g  ove r  t h e  road  s u r f a c e ,  a  knowledge o f  t h e  
e f f e c t  o f  s l i d i n g  v e l o c i t y  on t h e  f r i c t i o n  c o e f f i c i e n t ,  p ,  
i s  needed .  
R e s u l t s  o f  t e s t i n g  o f  t r e a d  e l emen t s  i n  s l i d i n g  o v e r  an 
a c t u a l  r o a d  s u r f a c e  seems t o  b e  s c a r c e  and i n c o m p l e t e .  
U n f o r t u n a t e l y ,  t h e y  a r e  e n t i r e l y  n o n - e x i s t e n t  f o r  t h e  t e s t  
c o n d i t i o n s  o f  t h e  R 7 0 B  t i r e  u sed  i n  t h i s  work.  
The s l i d i n g  t e s t i n g  of  b l o c k s  o f  e l a s t o m e r s  o f  v a r i o u s  
compounds on i d e a l i z e d  rough s u r f a c e s  unde r  w e l i  - d e f i n e d  
l a b o r a t o r y  c o n d i t i o n s  c a n ,  however ,  throw i n f o r m a t i v e  l i g h t  
on t h e  g e n e r a l  r e l a t i o n s h i p  between f r i c t i o n  ~ n d  s l i d i n g  
s p e e d .  T h i s  can s e r v e  a s  a  g u i d e l i n e  f o r  t h e  c h o i c e  o f  a  
s u i t a b l e  p ( V s )  f u n c t i o n  f o r  t h e  s p e c i a l  a p p l i c a t i o n  a t  hand .  
Grosch [ 1 7 ] ,  [ 1 8 ]  has  p r e s e n t e d  f r i c t i o n  cu rves  f o r  
v a r i o u s  rubber  compounds on dry  g l a s s  and carborundum 
s u r f a c e s .  F i g u r e  A l ,  from [ 1 7 ] ,  shows t h e  e f f e c t  of s u r f a c e  
t e x t u r e  on a  s t y r e n e - b u t a d i e n e  (SBR) w i t h o u t  carbon b l a c k .  
F igures  A 2  and A 3  from [18]  show t h e  e f f e c t  of adding  carbon 
b l a c k  t o  t h e  rubber  s t o c k .  I n  F i g u r e  A 4  from [ 1 8 ] ,  Grosch 
shows some o f  t h e  e f f e c t s  of  l u b r i c a t i n g  t h e  t r z c k .  
The s t r i k i n g  e f f e c t  of  adding  carbon b l a c k  t o  t h e  
compound i s  r e v e a l e d  i n  F igures  A 2  and A 3 .  A l ower ing  of 
t h e  f r i c t i o n  peak and a  c o n s i d e r a b l e  e x t e n s i o n  o f  t h e  h igh  
f r i c t i o n  range  i n  a  g e n t l y  curved  p l a t e a u  i s  t h e  r e s u l t .  
The R70B t i r e  has  been t e s t e d  f o r  l a t e r a l  f o r c e  on a  dry 
c o n c r e t e  road  s u r f a c e .  I t  i s  now assumed t h a t  t h e  p(Vs) 
f u n c t i o n  has  a  g e n e r a l  shape  g iven  i n  t h e  s e m i - l o g  diagram 
of  F igure  A 5 .  
I n  a  l i n e a r  d iagram,  t h i s  f u n c t i o n  i s  assumed t o  t a k e  
t h e  shape  g iven  i n  F i g u r e  A 6 .  I n  t h e  computa t io i~s  t h i s  i s  
approximated by p a r t  of a  p a r a b o l a ,  a  h y p e r b o l a ,  and a  p l a t e a u  
as  i n d i c a t e d  by d o t t e d  l i n e s  i n  F i g u r e  A6. These f u n c t i o n s  
a r e  s p e c i f i e d  by  s i x  pa ramete r s  ( b o p  p p l ,  p p T ,  p H ,  p A S ,  VAS) 
which have been found by t r i a l  and e r r o r  t o  g i v e  a  r e a s o n a b l e  
f i t  t o  t h e  e x p e r i m e n t a l l y  o b t a i n e d  l a t e r a l  f o r c e  cu rve  f o r  
t h e  t e s t  t i r e  a t  2 0  mph. S i n c e  t h e  shape  of  t h e  p(Vs) cu rve  
s t r o n g l y  i n f l u e n c e s  t h e  d i s t r i b u t i o n  of l a t e r a l  f o r c e  and 
hence t h e  a l i g n i n g  moment, i t  would be  o f  even g r e a t e r  v a l u e  
FIGURE 7.  31nstcr curvcs of tlic cocflicient of frictiori for styrcno-butu!licrre r~tbbcr TZ on the 
threo surft~ccs :- - - - , na1.y 6 1 ~ " ~  -clean silicon cilrbiclc; - . - a - . - - -  , dustcd silicon 
carbidc; all curves refcrrctl to 20 "C. 
Figure Al. From [ 1 7 ] .  
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3.0 
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2.5 - with  Magnesia Pwder 
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Fig. 5. Master c r m v  of  the d r t i o n  coefficient of m arrylonitrile rubber (a) as gum rubber (b). 
filled with 20 pphr IIAF black and (c) filled with 50 pphr HAF o n  three different surfaces. 
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Figure A 2 .  From [ 1 8 ] .  
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Fig. 6. hlastcr CUNeS of the  frirtion cocfficient on c a r b o r u n d ~ ~ m  pape;- for four rubbers o f  
tlifrcrent g l a s  transition temperature, all fillvd with 50 pphr H.AF black (7). 
F i g u r e  A 3 .  From [ 1 8 ] .  
Fig. 9. Friction master curves obtained with a stt:el slider on  a lubricated rubber track, Upper 
Left: two different lubricants. For the high-viscosity lubricant c ~ ~ l y  the rising part forms a master 
curve. Upper Right: Comparison o f  gum NR with bla1.k filled NR. Dotted lines shows the mrster 
cunze of gum IVK on dry glass. Lower 1,eft: TWO different loads. Lower Right: Two different slider 
diameters. 
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Figure A 6 .  Analytical Approximation of u Function. 
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Equation of Parabola: 
P = F"PO + p ~ l  "T s 
Equation of Hyperbola: 
pH ' VAS "4 '#!p = PAS - 
l 
Vs - "Is 
m e -  
t o  t r y  t o  o p t i m i z e  t h e  p(VS) c u r v e ,  making u s e  o f  a  MZ (a )  
r e l a t i o n s h i p  when a v a i l a b l e .  
I t  s h o u l d  a l s o  b e  p o s s i b l e  t o  a d j u s t  t h rough  i t e r a t i o n  
by an o p t i m i z a t i o n  p r o c e s s  t h e  d e t a i l e d  shape  o f  t h e  p(Vs) 
c u r v e  u n t i l  an o p t i m a l  f i t  i s  o b t a i n e d  f o r  e ach  one o f  known 
F  and M Z  f u n c t i o n s  o r  even a  combina t i on  o f  them. I t  F x '  y '  
s h o u l d  b e  o b s e r v e d  t h a t  t h e  chosen p(VS) r e p r e s e n t a t i o n  h a s  
a  f i n i t e  v a l u e  of  p ( 0 ) .  
Some c o n s i d e r a t i o n s  w i l l  now b e  g iven  t o  t h e  t ime  an 
e l emen t  spends  i n  t h e  c o n t a c t  p a t c h  and t h e  e f f e c t  t h i s  h a s  
on t h e  c h o i c e  o f  a c c u r a t e  r e p r e s e n t a t i o n  o f  p a t  s m a l l  s l i d i n g  
s p e e d s .  
Assuming a  t r a v e l i n g  s p e e d  o f  20  mph and a  l e n g t h  o f  
t h e  c o n t a c t  p a t c h  o f  . 5  f e e t ,  t h e  t ime  t h a t  an e l emen t  i s  
i n  c o n t a c t  w i t h  t h e  ground w i l l  b e  1 . 6 8  * 10-"ec. 
Looking a t  F i g u r e  A 7  we s e e  t h a t  i n  t h e  c a s e  t h a t  t h e  
r e a l  p r e p r e s e n t a t i o n  (1)  would b r i n g  p t o  an e q ~ l i l i b r i u m  
p o s i t i o n  a t  0 < Vs < AVs t h e  app rox ima te  cu rve  ( 2 )  would 
b r i n g  VS t o  z e r o .  I f  we t h u s  l o s e  t h e  a c c u r a t e  r e p r e s e n t a t i o n  
of  p f o r  v e l o c i t i e s  be low ,  s a y ,  1. cm/s,  t h e n  t h e  maximum 
e r r o r  i n  d i s p l a c e m e n t  t h i s  c o u l d  g i v e  r i s e  t o ,  f o r  an e lement  
s l i d i n g  a t  t h i s  speed  t h rough  t h e  whole l e n g t h  o f  t h e  c o n t a c t  
p a t c h ,  would b e  
Figure  A 7 .  To t h e  E x p l a n a t i o n  o f  t h e  E f f e c t  
o f  a S i m p l i f i e d  u(VS) F u n c t i o n  f o r  
vs 0 .  
With a  c o n t a c t  p a t c h  l e n g t h  o f  1 3 . 3  cm, t h i s  r e p r e s e n t s  an 
ang le  of  - . 0 7 " .  
For p r a c t i c a l  pu rposes  i t  i s  thus  p e r m i s s i b l e  t o  make 
p(0)  = p(Avs) f o r  AVs < . S  cm/s a t  t h i s  t r a v e l i n g  s p e e d .  
* 
This  a l s o  has  advantages  i n  t h e  mechan iza t ion  on t h e  
computers o f  t h e  e q u a t i o n s  of motion f o r  t h e  t r e a d  e l e m e n t s .  
APPENDIX B 
THE BEN4 DEFLECTION FUNCTIONS 
The l a t e r a l  d e f l e c t i o n ,  v c ( x ) ,  o f  t h e  beam i s  t h e  r e s u l t  
o f  t h e  p u l l  o f  t h e  N l a t e r a l  p o i n t  l o a d s ,  Q ( x i ) ,  a t  t h e  
c o n t a c t  p a t c h  s e c t i o n  m i d p o i n t s .  The d e f l e c t i o n  o f  t h e  
s i m u l t a n e o u s  a c t i o n  o f  t h e  N p o i n t  l o a d s  i s  t h e  sum o f  t h e  
d e f l e c t i o n  c a u s e d  by each  i n d i v i d u a l  l o a d  ( F i g u r e  B1, p .  1 0 4 ) .  
I f  y (S i  , x i )  i s  t h e  d e f l e c t i o n  o f  t h e  beam a t  xi  due t o  
a  u n i t  p o i n t  l o a d ,  Q ( E . ) ,  t h e n  t h e  d e f l e c t i o n  vc(x i )  by t h e  
I 
sum o f  N p o i n t  l o a d s  i s  
L i k e w i s e ,  t h e  s l o p e  f u n c t i o n  v:(xi) i s  g i v e n  by  
w i t h  
where  
The d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  d e f l e c t i o n  f u n c t i o n ,  
y ( x ) ,  o f  a  t a u n t  beam on a f o u n d a t i o n  w i t h  t r a n s v e r s e  l o a d s  
a t  t h e  end p o i n t s  i s  approx ima te ly  g iven  by 
where 
E . 1  i s  t h e  bending s t i f f n e s s  [ ~ m ~ ]  
N i s  t h e  t e n s i o n  i n  t h e  beam [ N ]  
K i s  t h e  l a t e r a l  s p r i n g  c o n s t a n t  o f  t h e  
f o u n d a t i o n  [ ~ / m ~ ] .  
Note t h a t  l a t e r a l  s h e a r  i n  t h e  beam and r a d i a l  s h e a r  i n  
t h e  f o u n d a t i o n  ( s i d e w a l l s )  i s  d i s r e g a r d e d .  A l s o ,  t h e  s p r i n g  
c o n s t a n t ,  K ,  i s  n o t  c o r r e c t e d  f o r  t h e  r a d i a l  t i r e  d e f l e c t i o n  
i n  t h e  c o n t a c t  a r e a .  These e f f e c t s  cou ld  be i n c l u d e d  i n  a  
more e l a b o r a t e  beam e q u a t i o n  o r ,  b e t t e r  s t i l l ,  by o b t a i n i n g ,  
through p r o p e r  measurement,  t h e  G r e e n - f u n c t i o n  o f  t h e  t i r e  a t  
s p e c i f i c  i n f l a t i o n  p r e s s u r e s  and v e r t i c a l  l o a d s .  Thus,  t h e  
v a r i a t i o n  i n  K i n  t h e  range  o f  t h e  c o n t a c t  p a t c h  cou ld  a l s o  
be accounted  f o r .  
With r e f e r e n c e  t o  F igure  B 2 ,  t h e  range  o f  beam d e f l e c t i o n  
where 2 L  i s  t h e  c i r cumfe rence  o f  t h e  b e l t  o f  t h e  t i r e .  
*Note from F i g u r e  B 2  t h e  d e f i n i t i o n  o f  x  used f o r  t h e  
computat ion o f  t h e  d e f l e c t i o n  y .  
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A t r a n s v e r s e  p o i n t  l o a d ,  Q / 2 ,  i s  a c t i n g  on t h e  beam 
a t  x = + L ,  g i v i n g  r i s e  t o  a  symmetr ica l  d e f l e c t i o n  f u n c t i o n  
The s o l u t i o n  o f  ( B . 4 )  i s  o b t a i n e d  t h e  u s u a l  way a s  t h e  sum 
The s n t s  a r e  t h e  r o o t s  of  t h e  e q u a t i o n  
The Ants a r e  due t o  t h e  c o n d i t i o n s  a t  x = k L .  Equat ion  
(B.6) i s  t r a n s f e r r e d  t o  
where 
a  = N / ( 2 E  I )  
b = K / ( E  I )  
From ( B .  7 )  we o b t a i n  
Normally,  a '  < b making c 2  p o s i t i v e ,  i n  which c a s e  we may 
w r i t e  
T h i s  y i e l d s  
With r e f e r e n c e  t o  F i g u r e  B . 3 ,  Equat ion  (B.9) can be w r i t t e n  
where 
and 
So the f o u r  r o o t s  of  ( B .  8 )  can now be written 
(B. 11)  
( B .  14)  
S 
1 9 2  




= r ( c o s ( - 0 / 2  + nn) + i s i n ( - 8 1 2  + n ~ ) )  
w i t h  
and 
This  g i v e s  
a 1  = r cos  (8/2)  
b l  = r s i n  (812) 
(B. 16) 
( B .  17)  
We can now w r i t e  
a l e x  
Y1 = Cle (cos(b1 .x)  + i s i n ( b 1 . x ) )  
- a l e x  
Y 2  = C2e (cos ( b l e x )  - i s i n ( b 1 x ) )  
a1.x 
Y3 = C3e (cos(b1 .x)  - i s i n ( b 1 x ) )  
Y 4  = C4e ( c o s ( b l * x )  + i s i n ( b 1 . x ) )  
Because of  t h e  symmetry y ( x )  = y ( - x ) ,  we have C1 = C 2  and 
4 
C j  = c4 .  The sum y  = c y  can  now b e  w r i t t e n  n  
n = l  
y  = A-cos(b1 .x)  (e  a l a x  + e  - a l . x )  + Bes in (b1-x )  ( e  a l " x  - - a l . x )  
( B .  19)  
or expressed in hyperbolic functions 
Since the slope, y', later will be needed, its derivation is 
also given here. 
+ B(almsin(b1.x) *cosh(al*x) + bl*cos(blax) msinh(al*x))] 
(B. 20) 
In case a2 - > b, we have 
which gives the four real roots 
As before, the four contributions to the deflection function 
a re  
which,  because  of  t h e  symmetry, can  be w r i t t e n  
(B. 24) 
I t s  d e r i v a t i v e ,  y f  , i s  
The v a l u e  o f  t h e  c o n s t a n t s  A and B has  now t o  be de te rmined .  
For t h i s  we need two c o n d i t i o n i n g  e q u a t i o n s .  The f i r s t  one 
i s  o b t a i n e d  from t h e  i n t e g r a l  o f  t h e  s p r i n g  f o r c e s  i n  t h e  
f o u n d a t i o n  which,  due t o  t h e  beam d e f l e c t i o n ,  must e q u a l  t h e  
p o i n t  l o a d .  
Hence 
L 
Q = 2 ~ 4  ydx ( B .  26) 
The o t h e r  c o n d i t i o n  i s  g iven  by t h e  f a c t  t h a t  t h e  s l o p e  a t  
x  = L ( o r  x = - L )  must be z e r o .  




Likewise ,  f o r  a *  - > b ,  we o b t a i n  f o r  t h e  c o n s t a n t s  C1, C 2 ,  
and D l ,  D 2 ,  t h e  fo l lowing  e x p r e s s i o n s :  
( B .  33) 
The f u n c t i o n s  y ( S  xi) and y '  (6 xi)  a r e  now o b t a i n e d  from j '  j '  
(B.19) and (B.20) o r  (B.24) and (B .25) .  
Figure  B 1 .  Uni t  Load D e f l e c t i o n  y ( ( )  and Beam 
D e f l e c t i o n  v,(x) Due t o  D i s t r i b u t e d  
P o i n t  Loads Q(xi) .  
F i g u r e  B 2 .  Coord ina te  System and P o i n t  Load 
f o r  t h e  Beam Equa t ion .  
F i g u r e  B3. To t h e  S o l v i n g  o f  t h e  Roots o f  s 
when a 2  < b ,  
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APPENDIX C 
LINEAR APPROXIMATIONS WITHIN THE CONTACT PATCH SECTION 
AND DAMPING OF BEAM DEFLECTIONS 
1. GENERAL 
The element  base  p o i n t  d e f l e c t i o n  f u n c t i o n s ,  vg and GB, 
a r e  d e f i n e d  by t h e  fo l lowing  sums ( s e e  F igure  4 . 2 )  : 
and 
Within a  s e c t i o n  of t h e  c o n t a c t  p a t c h  t h e  s e p a r a t e  f u n c t i o n s  
and t h e i r  sums a r e  g iven  l i n e a r  approximat ions  e x e m p l i f i e d  by 
Here ,  vB , IC  i s  t h e  v a l u e  o f  vB a s  i t  e n t e r s  t h e  s e c t i o n  a t  
t ime t, = 0 .  The t ime d e r i v a t i v e ,  cB, i s  t aken  a t  s e c t i o n  
midpo in t .  
I n  t h e  computer programs,  t h e  d i s t a n c e  t r a v e l e d  i n  t h e  
s e c t i o n ,  x s ,  w i l l  be used i n  l i e u  of  tS .  
Making use  o f  t h e  r e l a t i o n  
V~ 
i s  now expressed by i t s  s e c t i o n  i n i t i a l  va lue  and t h e  
product  o f  f u n c t i o n  midpoint  s l o p e ,  v i  and t h e  d i s t a n c e  xS 
t r a v e l e d  t h u s :  
Likewise 
2 .  BEAM DEFLECTION FUNCTIONS 
The beam d e f l e c t i o n  l i n e a r i z a t i o n  i s  g iven by 
The t o t a l  d e r i v a t i v e ,  G c ,  i s  g iven by 
Since  
t h i s  can be w r i t t e n  
This  g i v e s  
For (v;) , t h e  m i d - s e c t i o n  v a l u e s  a r e  o b t a i n e d  a c c o r d i n g  t o  
t 
c a l c u l a t i o n s  i n  Appendix B .  
The p a r t i a l  t ime d e r i v a t i v e ,  ( i c ) x ,  f o r  a  s e c t i o n  i s  a l s o  
t a k e n  a t  t h e  s e c t i o n  midpo in t .  B a s i c a l l y ,  i t  s h o u l d  be  
c a l c u l a t e d  from t h e  d i f f e r e n c e  o f  c o n s e c u t i v e  midpoin t  v a l u e s  
o f  vc i n  t h e  f o l l o w i n g  way: 
The t ime i n c r e a s e ,  A t ,  i s  t h e  s e c t i o n  p a s s a g e  t ime  g iven  by 
where 2a i s  t h e  l e n g t h  of  t h e  c o n t a c t  p a t c h  and N i s  t h e  
number o f  s e c t i o n s .  
This  d i r e c t  way o f  o b t a i n i n g  (;C)X r e s u l t s ,  however,  i n  
computa t iona l  i n s t a b i l i t y .  A damping scheme o u t l i n e d  i n  t h e  
f o l l o w i n g  s e c t i o n  has  t h e r e f o r e  t o  be  a p p l i e d .  
3 .  DAMPING OF BEAM DEFLECTION 
The r e t a i n i n g  o f  t h e  beam v e l o c i t y  te rm (;c)x i n  t h e  
computat ions f o r  t h e  t r a n s i e n t  motions r e q u i r e s  t h e  i n t r o -  
d u c t i o n  o f  a  beam damping t o  avo id  i n s t a b i l i t y .  This  damping 
e f f e c t  i s  o b t a i n e d  by moderat ing t h e  change o f  c o n s e c u t i v e  
v a l u e s  o f  (;c)x f o r  a  s e c t i o n .  This  i s  brought  about  by t h e  
fo l lowing  scheme f o r  t h e  computat ion i n  t h e  n e x t  t ime s t e p ,  
t + A t ,  s t e p  ( n t l )  , of (;c)x,nt I and an e s t i m a t e d  beam 
d e f l e c t i o n  (vce)n+l  f o r  each s e c t i o n  from known v a l u e s  o f  
('c) x ,n a t  t h e  p r e s e n t  t ime t ,  s t e p  ( n ) .  A t  i s  t h e  s e c t i o n  
passage  t ime .  
CB i s  t h e  beam damping c o e f f i c i e n t .  The computat ion 
( 'c)x,nt l  and ( ~ c e ) n t l  i s  i l l u s t r a t e d  i n  F igure  C 1 .  
The i n i t i a l  v a l u e s  (;c) x ,  I C  and (vce)IC i n  a l l  s e c t i o n s  
a t  t = 0 a r e  o b t a i n e d  from 
K I C  i s  < 1 and depends on t h e  r a t i o  of  t h e  s t i f f n e s s  o f  
t h e  beam founda t ion  t o  t h a t  o f  t h e  t r e a d  e l ement s .  I t  shou ld  
F i g u r e  C 1 .  To t h e  Computation o f  (;c)x,nrl  and 
( V c e ) n + l  
be po in t ed  ou t  t h a t  t h e  damping i s  a p p l i e d  only  w i t h i n  t h a t  
range o f  t h e  beam which c u r r e n t l y  i s  above t h e  c o n t a c t  
pa t ch .  
4 .  YAWING MOTION (STEERING) 
The yawing motion i s  de f i ned  by t h e  a d d i t i o n  of  a t o  
Y 
t h e  s t e a d y - s t a t e  s l i p  a n g l e ,  a ,  w i th  
The angu la r  speed,  & w i l l  be g iven by 
Y '  
and a c c e l e r a t i o n ,  6 by 
Y '  
A t  a  c e r t a i n  c o o r d i n a t e ,  x ,  yt i s  d i s p l a c e d  t h e  d i s t a n c e ,  v  
Y '  
from t h e  x r - a x i s  ( see  Figure  4 . 2 )  . 
When t h e  element moves through a  s e c t i o n ,  a and x  a r e  assumed Y 
t o  vary l i n e a r l y  according t o  
The k i s  t o  be e v a l u a t e d  a t  t h e  s e c t i o n  midpoint .  As 
Y 
b e f o r e ,  ; = - V r .  By t h e  r e l a t i o n  
a  and x become 
Y 
Neglec t ing  x:, we now o b t a i n  f o r  v 
Y 
The f u n c t i o n  ; i s  ob ta ined  by d i f f e r e n t i a t i o n  of v = - a  
Y Y Y 
X. 
. . ' . 
v =-a 
Y Y Y Y Y 
x - a  - x = - a  * x + a  * V r  
S e t t i n g  
and t a k i n g  a and x a s  b e f o r e  and a g a i n  n e g l e c t i n g  xi, we 
Y 
o b t a i n  f o r  ; 
Y 
The k and I a r e  t o  be  e v a l u a t e d  a t  t h e  s e c t i o n  midpo in t .  
Y Y 
5 .  SIDESLIPPING 
A s i n u s o i d a l  l a t e r a l  mot ion ,  y L ,  o f  t h e  wheel p l a n e  i s  
d e f i n e d  by 
and t h e  l a t e r a l  v e l o c i t y ,  fL, and a c c e l e r a t i o n ,  yL, a r e  g i v e n  
by 
I n  t h e  same manner a s  f o r  a we assume t h e  l i n e a r  v a r i a t i o n  
Y' 
o f  yL w i t h i n  a  s e c t i o n  t o  be g iven  by 
I n t r o d u c i n g  xs f o r  tS we o b t a i n  f o r  y L  
- 
Y L  - Y L , I C  - ; L / ~ r  ' x S 
where ;L i s  t o  b e  t a k e n  a t  s e c t i o n  m i d p o i n t .  
L i k e w i s e ,  f o r  t h e  l i n e a r i z a t i o n  o f  iL we o b t a i n  
where  Y L  i s  t h e  mid s e c t i o n  v a l u e .  

APPENDIX D 
INITIAL CONDITIONS FOR A SECTION 
There  i s  a  g e n e r a l  d e s i r e  t o  keep t h e  s i z e  o f  a 
program down. On t h e  d i g i t a l  t h i s  s a v e s  c o r e  s p a c e  and can 
r e d u c e  r u n n i n g  t i m e .  On t h e  a n a l o g  t h i s  i s  a n e c e s s i t y  
because  o f  t h e  l i m i t e d  number o f  components .  I n  t h e  p u r e  
d i g i t a l  p rog ram,  t h i s  ha s  l e d  t o  t h e  u s e  o f  t h e  same two s e t s  
o f  a l g o r i t h m s  f o r  t h e  two e q u a t i o n s  o f  mot ion  o f  t h e  t r e a d  
e l e m e n t s  i n  t h e  l a t e r a l  and l o n g i t u d i n a l  s e n s e  f o r  a l l  
s e c t i o n s  i n  t h e  c o n t a c t  p a t c h .  
L i k e w i s e ,  on t h e  a n a l o g  t h i s  h a s  l e d  t o  t h e  u s e ,  f o r  
a l l  s e c t i o n s ,  o f  one common c i r c u i t  f o r  t h e  l a t e r a l  d i s -  
p lacement  and  one f o r  t h e  l o n g i t u d i n a l .  Two s e p a r a t e  
s i m u l t a n e o u s l y  r u n  c i r c u i t s  a r e  u sed  t o  s a v e  t i m e .  
T h i s  s h a r i n g  o f  a l g o r i t h m s  and c i r c u i t s  makes i t  
n e c e s s a r y  t o  s p e c i f y  i n i t i a l  c o n d i t i o n s  and  t o  s t o r e  end 
c o n d i t i o n s  f o r  e ach  s e c t i o n .  C o n s i d e r a t i o n s  f o r  t h i s ,  b a s e d  
on t h e  a p p r o x i m a t i o n s  o f  vB and ;B w i t h i n  a  s e c t i o n ,  w i l l  b e  
g i v e n  i n  t h e  f o l l o w i n g .  
The e q u a t i o n  o f  l a t e r a l  mot ion  o f  an e l emen t  a s  i t s  
b a s e  p o i n t  moves t h r o u g h  a  s e c t i o n  i s  
Making u s e  o f  t h e  l i n e a r  a p p r o x i m a t i o n  g i v e n  i n  Appendix C ,  
we w r i t e  
. 
For  y r ,  w i t h i n  s e c t i o n  n ,  we now w r i t e  
I n s e r t e d  i n  ;, t h i s  g i v e s  f o r  s e c t i o n  n  
The i n i t i a l  c o n d i t i o n s  ) o f  s e c t i o n  n  i s  e q u a l  t o  t h e  
f i n a l  c o n d i t i o n  (ir,FC 1 n - l  o f  t h e  p r e v i o u s  s e c t i o n .  
For  s e c t i o n  one ( n = l )  , we have  
See  F i g u r e  D l  f o r  m e c h a n i z a t i o n  o f  ir and ; on t h e  a n a l o g .  
L i k e w i s e ,  f o r  y r  w i t h i n  s e c t i o n  n  we w r i t e  
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F i g u r e  Dl. L a t e r a l  V e l o c i t y  Func t ions  f o r  an Element 
Moving Through a S e c t i o n  of  t h e  Contac t  
Pa tch  ( t o p )  and Mechaniza t ion  on t h e  
Analog Computer (bottom) , 
where 
With r e f e r e n c e  t o  F igure  D Z ,  ( v ~ ~ ) ~  i s  o b t a i n e d  from f i n a l  
c o n d i t i o n s  i n  s e c t i o n  n - 1  and i n i t i a l  c o n d i t i o n  i n  s e c t i o n  n .  
where 
For s e c t i o n  n = l  (vIC)l  = 0 .  
The ana log  mechaniza t ion  of  (v),  i s  shown i n  F igure  D 2 .  Th i s  
scheme saves  us from r e t a i n i n g  i n  t h e  o u t p u t  o f  t h e  i n t e g r a t o r  
a l s o  t h e  d e f l e c t i o n  of  t h e  beam, t h u s  enhancing t h e  accuracy .  
What has  been s a i d  h e r e  about  t h e  l a t e r a l  f u n c t i o n s  h o l d s  
i n  a p p l i c a b l e  p a r t s  a l s o  f o r  t h e  l o n g i t u d i n a l  f u n c t i o n s .  
n + /  0 0-/ 
Sec t ; o  n r  
- - - -  DAC 
it- 
F i g u r e  D 2 .  L a t e r a l  D e f l e c t i o n  Func t ions  f o r  an 
Element Moving Through a S e c t i o n  o f  t h e  
Contac t  Pa tch  ( t o p ) ,  and Mechaniza t ion  
on t h e  Analog Computer (bot tom) .  

APPENDIX E 
DETERMINATION OF TIRE CONSTANTS AND SUMMARY OF ALL 
DATA USED IN THE COMPUTATIONS 
1. BASIC 
The r e s u l t s  o f  computa t ions  w i t h  t h e  model developed i n  
t h i s  r e p o r t  have been based  on t h e  f o l l o w i n g  c o n s t a n t s  
a p p l i c a b l e  t o  a  FR70-14 t i r e  on a  6" rim. The t i r e  has  t h e  
HSRI d e n o t a t i o n  R70B. The f o o t p r i n t  o f  t h i s  t i r e  a t  2 4  p s i  
i n f l a t i o n  p r e s s u r e  and a  v e r t i c a l  l o a d  o f  L O O 0  l b .  i s  g iven  
i n  F i g u r e  E l .  
I n f l a t i o n  p r e s s u r e  P = 28 p s i  = 1 . 9 3  b a r  = 1 . 9 3  l o 5 p a  
V e r t i c a l  l o a d  FZ [ l b ,  ( N ) ]  = 800,  (3560) 
Length o f  c o n t a c t  
p a t c h  PL[ in , (m) ]  = 5 . 2 5 , ( . 1 3 3 )  
2 .  B E A M D A T A  
The c r o s s - s e c t i o n  and dimensions o f  t h e  t i r e  a r e  g iven  i n  
F i g u r e  E 2 ,  The bending  s t i f f n e s s ,  E * I ,  of t h e  beam i s  computed 
under  t h e  assumpt ion  t h a t  t h e  " e f f e c t i v e "  dimensions o f  t h e  
b e l t  (width and h e i g h t )  have been i d e n t i f i e d  and t h a t  on ly  t h e  
b e l t  i s  c a r r y i n g  t h e  l o n g i t u d i n a l  s t r e s s  due t o  i n f l a t i o n  
p r e s s u r e .  Then from t h e  c i r c u m f e r e n t i a l  s p r i n g  c o n s t a n t  o f  
t h e  b e l t ,  E * I  can be computed. 
By d e f i n i t i o n ,  t h e  e l a s t i c  modulus i s  g iven  by 
F i g u r e  E l  I nked  t r e a d  f o o t p r i n t  o f  a  s t a n d i n g  r a d i a l  t i r e  
F R 7 0 - 1 4  i n f l a t e d  t o  2 4  p s i  and  s t a t i c a l l y  
l o a d e d  a t  1000 l h .  
1 2 2  
B e l t  Width 2bg = 1 4  cm 
Width o f  Contact  Pa tch  2b = 1 2  cm 
E f f e c t i v e  Width of Contac t  Pa tch  
(2b l e s s  grooves)  w = 9 . 2  cm e 
Depth of  Groove (Average) t = . 9  cm 
Circumference of  B e l t  2 L  = 1 9 8  cm 
F igure  E 2 .  C ross -Sec t ion  o f  T i r e  and Some T i r e  
Dimensions Used i n  t h e  Computations.  
where K c  i s  t h e  c i r c u m f e r e n t i a l  s p r i n g  c o n s t a n t  of  t h e  beam 
and 2 L  i s  t h e  l e n g t h  of  t h e  c i r cumfe rence .  The c r o s s - s e c t i o n  
a r e a ,  A ,  o f  t h e  beam i s  
The moment of  i n e r t i a ,  I ,  f o r  l a t e r a l  bending o f  t h e  beam i s  
given by  
This  g i v e s  f o r  Em1 
Measurements o f  t h e  t i r e  c i rcumference  a t  v a r i o u s  i n f l a t i o n  
p r e s s u r e s  have y i e l d e d  a  c i r c u m f e r e n t i a l  s p r i n g  c o n s t a n t ,  
For E.1 we now have an e s t i m a t e  
The t e n s i o n ,  N ,  i n  t h e  beam has  no t  been a c c u r a t e l y  
c a l c u l a t e d ,  s i n c e  l a r g e  v a r i a t i o n s  can be t o l e r a t e d  wi thou t  
n o t i c e a b l y  a f f e c t i n g  t h e  d e f l e c t i o n  c a l c u l a t e d  by t h e  model, 
A f t e r  comparing w i t h  [19]  and [ 2 0 ] ,  t h e  fo l lowing  
e s t i m a t e  i s  used 
S ince  no measurements of  t h e  founda t ion  s p r i n g  c o n s t a n t ,  
K ,  have been made f o r  t h e  a c t u a l  t i r e ,  an e s t i m a t e  i s  made 
based  on d a t a  from [21] t o  y i e l d  
The combined l o n g i t u d i n a l  c a r c a s s  and t r e a d  s p r i n g  r a t e ,  
K C T ,  has  been o b t a i n e d  f o r  t h e  a c t u a l  t i r e  [ 2 2 ] .  The va lue  
a r r i v e d  a t  i s  
The r e l a t i o n  between t h e  s p r i n g  c o n s t a n t s  f o r  s p r i n g s  
i n  s e r i e s  and t h e  r e s u l t a n t  c o n s t a n t  f o r  t h e  combinat ion 
r eads  a s  f o l l o w s :  
With known v a l u e s  o f  KCT and t h e  t r e a d  c o n s t a n t ,  kx 
(g iven  i n  t h e  n e x t  s e c t i o n ) ,  t h e  c a r c a s s  c o n s t a n t ,  K L ,  
o b t a i n e d  i s  
3 .  TREAD ELEMENT DATA 
The t r e a d  s t o c k  has  a  measured Shore h a r d n e s s  o f  A = 6 2 .  
Making use  of  d a t a  from Reference  [ 2 3 ] ,  t h i s  i n d i c a t e s  a 
s p e c i f i c  mass,  y ,  o f  
The t r e a d  t h i c k n e s s  (dep th  of  g r o o v e s ) ,  t ,  i s  t a k e n  t o  have 
an ave rage  v a l u e  o f  
The e f f e c t i v e  wid th  o f  t h e  t r e a d  ( l e s s  t h e  grooves)  i s  t a k e n  
t o  be 
w = 9 . 2  cm e  
This g ives  a  c r o s s - s e c t i o n a l  t r e a d  a r e a ,  A ,  of 
A = 8 . 3  cm2 
The mass,  m o ,  p e r  u n i t  o f  c i r c u m f e r e n t i a l  l e n g t h  i s  
Th i s  i s  a  mass t h a t  i s  d i s t r i b u t e d  a long t h e  h e i g h t  o f  
t h e  t r e a d .  The dynamic model o f  t h e  t r e a d  assumes t h e  mass 
t o  be c o n c e n t r a t e d  a t  t h e  t o p  o f  t h e  e l emen t .  T h i s  r e q u i r e s  
a  r e d u c t i o n  o f  t h e  mass w i t h  a  f a c t o r  4 / n 2 ,  t a k e n  from [23] .  
Hence, t h e  mass,  m ,  used  i n  t h e  c a l c u l a t i o n s  i s  
The l o n g i t u d i n a l  and l a t e r a l  s p r i n g  c o n s t a n t s  were o r i g i n a l l y  
n o t  known f o r  t h e  R70B t i r e  and h a d ,  t h e r e f o r e ,  t o  be  e s t i m a t e d  
from o t h e r  s o u r c e s .  
From r e f e r e n c e  [ 2 4 ]  can be o b t a i n e d  an ave rage  v a l u e  f o r  
t h e  l a t e r a l  s p r i n g  c o n s t a n t  p e r  u n i t  o f  c i r c u m f e r e n t i a l  l e n g t h  
o f  
f o r  a  t r e a d  specimen w i t h  a  w i d t h  o f  9.7cm. I f  t h e  same 
p a t t e r n  d e s i g n  i s  assumed f o r  t h e  R70B t i r e ,  t h e  k - v a l u e  above 
o n l y  has  t o  be c o r r e c t e d  f o r  t h e  a c t u a l  t r e a d  wid th  o f  12.0cm. 
This  g i v e s  us  t h e  s p r i n g  c o n s t a n t  
During t h e  c o u r s e  o f  development of  t h e  p r e s e n t  model,  
measurements were s t a r t e d  on t h e  a c t u a l  t r e a d  o f  t i r e  R 7 0 B .  
F o r c e - e l o n g a t i o n  cu rves  were o b t a i n e d  f o r  a  3 by 2 . 5  i n .  
specimen from t h e  c e n t r a l  p a r t  o f  t h e  c o n t a c t  p a t c h .  T e s t s  
were f i r s t  t r i e d  w i t h  t h e  specimen p r e s s e d  t o  a  s a f e t y  walk 
c l a d  s u r f a c e  w i t h  p r e s s u r e  -30  p s i .  S l i d i n g  o c c u r r e d ,  however,  
and t h e  specimen had t o  be g l u e d  t o  t h e  s u r f a c e .  The g lued  
specimen was s u b j e c t  t o  t h e  same normal p r e s s u r e .  There i s  
t h e  s u s p i c i o n  t h a t  t h e  g l u i n g  a f f e c t s  t h e  freedom o f  d e f l e c t i o n  
o f  t h e  c o n t a c t  a r e a  o f  t h e  specimen t o  produce  t o o  h i g h  a  
f o r c e  v a l u e .  The magnitude of t h i s  a m p l i f i c a t i o n  f a c t o r  i s ,  
however,  n o t  known a t  t h i s  t i m e .  
F igure  E3 shows t h e  f o r c e  d e f l e c t i o n  cu rves  o b t a i n e d .  
Measurements per formed i n  the  l o n g i t u d i n a l  and l a t e r a l  d i r e c t i o n  
o f  t h e  specimen gave ve ry  n e a r l y  t h e  same r e s u l t s .  
The a c t u a l  maximum d e f l e c t i o n s  encoun te red  by t h e  e l emen t s  
i n  t h e  model a r e  o f  t h e  o r d e r  of  - 1 5  i n .  (4mm). As can  be  
seen  from t h e  t e s t  d a t a ,  t h e  f o r c e - d e f l e c t i o n  cu rve  i s  h i g h l y  
n o n l i n e a r  f o r  t h i s  range  w i t h  a  d e c r e a s i n g  s l o p e ,  i . e . ,  
d e c r e a s i n g  l o c a l  s p r i n g  c o n s t a n t .  
Due t o  l a c k  of  t i m e ,  t h e  model o r i g i n a l l y  implemented,  
assuming a  l i n e a r  f o r c e  d e f l e c t i o n  r e l a t i o n ,  was n e v e r  changed 
t o  r e p r e s e n t  t h e  a c t u a l  n o n l i n e a r  r e l a t i o n .  I n s t e a d ,  a  s p r i n g  
c o n s t a n t  r e p r e s e n t i n g  t h e  c o n d i t i o n s  a t  t h e  o r i g i n  was used  
th roughou t .  This  g i v e s  r i s e  t o  an e x a g g e r a t i o n  o f  o b t a i n e d  
f o r c e s  a p p a r e n t  from F i g u r e  E 3 .  
D i r e c t i o n  of  D e f l e c t i o n  Speed of  D e f l e c t i o n  in/min 
L o n g i t u d i n a l  A :  . 1  B :  - 0 1  
L a t e r a l - - - - - - - - - - - - - - - -  A :  . S  B: . 0 5  
F i g u r e  E3. Exper imen ta l ly  Obta ined  Curves f o r  
Shear  S t r e s s  ( l e f t  o r d i n a t e )  o r  T o t a l  
Tread Force Pe r  Uni t  of  C i r c u m f e r e n t i a l  
Length ( r i g h t  o r d i n a t e ) .  The S lope  
E q u i v a l e n t  t o  t h e  S p r i n g  Cons tant  k = 
9 .  1 0 6 ~ / m Z  i s  a l s o  shown. The s h e a r  s t r e s s  
i s  measured i n  u n i t s  o f  f o r c e  p e r  u n i t  o f  
g r o s s  c o n t a c t  a r e a .  
The s p r i n g  c o n s t a n t  a t  t h e  o r i g i n  computed from t h e  t e s t  
d a t a  i s  k  = 9  * l o 6  N / m 2 .  Because o f  t h e  u n c e r t a i n t y  of  t h i s  
v a l u e  due t o  t h e  g l u i n g  e f f e c t ,  t h e  va lues  kx = 9 . 1  l o 6  N / m 2  
and k  = 8 . 7  * l o 6  N / m 2  were chosen ,  s i n c e  t h e y  g i v e  t h e  
Y 
same b rak ing  s t i f f n e s s  and c o r n e r i n g  s t i f f n e s s  as  o b t a i n e d  
w i t h  t h e  mobile  t i r e  t e s t e r  [Z] .  
For t h e  damping c o n s t a n t s  we assume t h e  same v a l u e s  i n  
l o n g i t u d i n a l  and c i r c u m f e r e n t i a l  d i r e c t i o n s .  
The damping c o e f f i c i e n t ,  c ,  f o r  rubber  i s  h i g h l y  dependent  
on t h e  o s c i l l a t i o n  f r equency .  We, t h e r e f o r e ,  chose t o  use  a  
v a l u e  t h a t  i s  r e l e v a n t  t o  t h e  n a t u r a l  f requency of  t h e  e l emen t .  
The mass and s p r i n g  c o n s t a n t s  above g i v e  a  n a t u r a l  f requency 
through 
o f  f n  760 Hz f o r  l o n g i t u d i n a l  o s c i l l a t i o n s  and fn  7 4 5  Hz 
f o r  l a t e r a l .  
From Reference  1231, t h e  f o l l o w i n g  r e l a t i o n s  f o r  a s p r i n g  
c o n s t a n t ,  k ,  and a  damping c o n s t a n t ,  c ,  a r e  t a k e n .  
which g i v e s  
The l o s s  t a n g e n t  i s  t a k e n  t o  be 
So ,  w i t h  an ave rage  o f  f n  = 750 H z ,  
This  r e s u l t s  i n  
and we use  t h i s  v a l u e  f o r  b o t h  c, and c  . 
Y 
4 .  SUMMARY OF DATA USED IN THE COMPUTATIONS 
4 .1  Genera l  T i r e  Data.  
Type : FR70-14 on 6" rim 
I n f l a t i o n  P r e s s u r e  : 28 p s i  
V e r t i c a l  Load: F = 800 l b .  (3560 N) z 
Corresponding Contac t  
P a t c h  Length:  2a = 5 .25  i n  (13 .3  cm) 
Corresponding Contac t  
P a t c h  Width: . 2b = 4 . 7  i n  (12,O cm) 
Beam Width: bB = 5.5  i n  (14.0 cm) 
C i r c u m f e r e n t i a l  Length :  2 L  = 78  i n  (198.0 cm) 
4 . 2  Beam and Foundat ion  C o n s t a n t s .  
S t i f f n e s s  : E * I  = 3.35  10' ~m~ 
Tens i o n  : N = 5000 N 
Foundat ion  S p r i n g  
Cons t an t s  : 
L a t e r a l  K = 1..5 l o 5  N / m 2  
L o n g i t u d i n a l  K~ = 2.08  . 1 0 5 N / m  
C i r c u m f e r e n t i a l  K = 1 . 0 3  l o 5  N / m  
C 
Beam Damping C o e f f i c i e n t :  CB = .06 
Combined Foundat ion  and 
Tread  Element L o n g i t u d i n a l  
S p r i n g  Cons tan t  : KCT = 1 . 7 7  l o 5  N / m  
4 .3  Tread  Element C o n s t a n t s .  
Mass : m = . 4  kg/m 
S p r i n g  Cons tan t  : 
L a t e r a l  k = 8 . 7 . 1 0 6 N / m 2  
Y 
L o n g i t u d i n a l  k  = 9 . 1  l o 6  N / m 2  
X 
Damping Cons t an t  : Cx = c = 8 . 2  10' ~ s / m '  Y 
4.4 Pa rame te r  Values  f o r  A n a l y t i c a l  p(Vs) F u n c t i o n s .  
(See Appendix A f o r  D e f i n i t i o n s )  
P a r a b o l a  
p ~ o  = - 2 1  
p ~ l  = 1 .35  
Pla t eau  
Hyperbola 
pH = 1 . 4  
- 
'AS 
 . 7  
VAS = - . 2 2 5  

APPENDIX F  
NON-DIMENSIONAL QUANTITIES 
The a c t u a l  c a l c u l a t i o n s  have most ly  been made w i t h  non- 
d imens ional  q u a n t i t i e s .  
For t h i s ,  t h r e e  r e f e r e n c e  u n i t s  have been used :  The 
r e f e r e n c e  v e l o c i t y ,  ' ~ e f '  t h e  v e r t i c a l  l o a d ,  F Z ,  and t h e  l e n g t h  
o f  t h e  c o n t a c t  p a t c h ,  PL = 2a. 
- 
The non-dimens ional  t i m e ,  t ,  w i l l  be  d e f i n e d  a s  
Now w r i t i n g  a  moment i n t e g r a l ,  e . g . ,  M Z y ,  a t  f r e e  r o l l i n g  we 
have 
Non-d imens iona l i z ing  t h i s ,  we w r i t e  
w i t h  
- 
x = x/PL 
From t h i s  we d e f i n e  a  r e f e r e n c e  f o r c e  p e r  u n i t  of l e n g t h  
f o r  n o n - d i m e n s i o n a l i z a t i o n  of f o r c e s  p e r  u n i t  o f  l e n g t h  o f  
c o n t a c t .  
Using t h e  s o  d e f i n e d  r e f e r e n c e  u n i t s ,  we t r a n s f o r m  a  
g e n e r a l  form o f  t h e  e q u a t i o n  o f  motion o f  an e lement  i n t o  
non-dimens ional  u n i t s  
where m ,  c ,  k ,  and q a r e  p e r  u n i t  l e n g t h  o f  c i r c u m f e r e n c e ,  
We now w r i t e  
Div id ing  th rough  by qo b r i n g s  t h e  e q u a t i o n  o f  motion i n t o  
where 
- 
m = m 0 w i e f / ( q o  PL)  = m - w ~ ~ ~ / F ~  
The v a l u e s  o f  t h e  r e f e r e n c e  u n i t s  used i n  t h i s  r e p o r t  a r e :  
'Re f  = 70 mph = 31 .3  m/s 
Z 
= 800 l b  = 3560 N 
PL = 5 . 2 5  i n  = , 1 3 3 m  
With t h e  chosen r e f e r e n c e  v a l u e s ,  t h e  n o n - d i m e n s i o n a l i z i n g  
q u a n t i t i e s  become 

APPENDIX G 
DIGITAL PROGRAMS AND ANALOG PATCHING DIAGRAMS 
. . . . . . . . . . . . . . . . .  P r e s e n t a t i o n  o f  FORMIC 140 
. . . . . . .  User Program HYBTIR f o r  t h e  h y b r i d  v e r s i o n  143 
. . . . . .  User Program DIGTIR f o r  t h e  d i g i t a l  v e r s i o n  153  
Analog Pa tch ing  Diagrams . . . . . . . . . .  1 6 1  
I n t e r a c t i v e  Continuous Sys tems I n t e g r a t i o n  and Func t ion  
Genera t ion  FORTRAN Packaee 
GENERAL 
The FORMIC package c o n s i s t s  o f  t h e  main program FORMIC 
and t h e  f o l l o w i n g  s u b r o u t i n e s :  FORMCO, which i s  t h e  command 
program t h a t  p e r m i t s  i n t e r a c t i o n  a t  run t i m e s ;  FORMIN, which 
does t h e  f o u r  s t e p  Runge-Kutta-Merson v a r i a b l e  s t e p  i n t e g r a -  
t i o n ;  FUN, which c a l c u l a t e s  f u n c t i o n  v a l u e s  th rough  l i n e a r  
i n t e r p o l a t i o n  o f  g iven  b r e a k p o i n t s  o f  one independent  v a r i a b l e  
p e r  f u n c t i o n ;  LPPLOT, which per forms o n - l i n e  p l o t s  on t h e  l i n e  
p r i n t e r .  
The u s e r  s u p p l i e s  t h e  s u b r o u t i n e  DERIV, where d e r i v a t i v e s  
a r e  c a l c u l a t e d  and o u t p u t  and p l o t  f u n c t i o n s  a r e  s p e c i f i e d .  
The u s e r  a l s o  a p p l i e s  FORMCO w i t h  d a t a  such  a s  p r i n t  and p l o t  
i n t e r v a l s ,  max and min v a l u e s  f o r  i n t e g r a t i o n  t ime s t e p s ,  and 
i n t e g r a t i o n  e r r o r  c r i t e r i a .  He f u r t h e r m o r e  s p e c i f i e s  names and 
v a l u e s  of  t h o s e  c o n s t a n t s  (pa ramete r s )  he may want t o  change 
between r u n s .  He a l s o  s p e c i f i e s  i n  FORMCO h e a d e r s  f o r  p r i n t  
o u t p u t s  and names, s c a l e s ,  and z e r o s  f o r  p l o t s .  
Pr imary i n p u t s  t o  FORMCO a r e  g e n e r a l l y  s t o r e d  i n  a  
s p e c i f i e d  f i l e  on d i s k  o r  DEC-tape and c a l l e d  i n t o  c o r e  by t h e  
u s e r .  These pr imary  d a t a  can t h e n  be  changed th rough  t h e  
i n t e r a c t i v e  p r o p e r t y  o f  FORMCO. 
' o r i g i n :  Saab - S c a n i a  A B ,  Sweden 
140 
The package i s  a t  p r e s e n t  des igned f o r  a  t o t a l  o f  100 
d e r i v a t i v e s  o f  s t a t e  v a r i a b l e s  t o  be  i n t e g r a t e d ;  20 f u n c t i o n s  
of  one independent  v a r i a b l e  e a c h ,  w i t h  a  t o t a l  maximum o f  
200 g iven  b r e a k p o i n t s ;  100 c o n s t a n t s  a c c e s s i b l e  through FORMCO; 
20 o u t p u t  v a r i a b l e s  and 2 0  p l o t  v a r i a b l e s .  
Data a r e  s h a r e d  between d i f f e r e n t  programs i n  t h e  package 
and t h e  u s e r  s u p p l i e s  s u b r o u t i n e ( s )  DERIV through a  number of  
l a b e l e d  COMMONS. 
Block Diaaram of the  FORMIC Packaae 
User spec .  





I I-] 1 = Main Program 
I = Subrou t i ne  
u d e v i c e  
= CALL SUBROUTINE 
= R e a d p r i t e  
FORTRAN V B 6 r 1 3  PROGRAM H Y B T I R  69-FEfll.75 PAGE 1 
C PROGRAM H Y B T I R t " D E R I V *  PART OF "FORMIC" 
C $ w  4 UP8 ALFO FROM A04 
C SW 5 U P 1  NWWm200B X l C A r 0 ,  FOR Y m V  P L O T T I N G  
C 8W 6 DNI ALFO OR 8X VARIABLE 
C SW 7 DNI ALP0 VARIABLEI  U P 1  8X VARIABLE 
C S W  8 DNI W R I T t ~ N R , 0 V C I V C E r O P B Y , V C , P X V C t T V C  
C SW 9 D N l  W R l T E 1 N R t S X , F X S , A L P 0 , F Y 8 , M Z b , P Z ~ A L F P ~ H Z  
C S N  1 0  UP! FX OUT ON1 AMP OUT 
C SW 12 ON1 TRANSIENT OPERATION 
C SW 1 4  U P 1  FLEX CARCAS DNI R I O G I D  CARCAS 
SUBROUTINE D e R I V (  1 3 N )  
REAL MU1 t ~ U ~ t M U , M , K Y , M Z , M Z 0 I M 2 X t M Z V I H U A 8 , M U H c M U P 0 t M U P ~ ~ ~ U P T , K X ,  
tM28,KClKYS 
D I M E N S I O N  I P O T ( 1 9 ) t  1 0 ~ T P ( 1 9 ) ,  I O A C G ~ ~ ) ,  I D A l G ( 4 ) ,  I P S C A ( 2 1 ,  I D S C A ( 2 )  
D I M E N 8 t O N  I O A C I ( Z ~ ~ I O A T ~ ( Z ) ~ I D I C ~ ( ~ ) ~ I O A T ~ ~ ~ ~ ~ I N T ( ~ ~  
DIMENSION I D A C 3 ( 8 l t I D A T 3 ( 8 )  
D I M E N S I O N  B ( Z ) ~ C ( ~ ~ ~ ) ~ G ( ~ ~ ) ~ D G ( ~ ~ ) ~ Q P B Y ( ~ ~ ) ~ ~ V ~ Z ~ ) , V ~ ~ ~ ) ~ ~ V C ( ~ ~ I  
+ , P X V C ( ~ @ ~ , P T V C ( Z ~ ) ~ V C ( L ~ ) ~ T V C ( ~ @ ) ~ T I M ( Z ~ ~ D ~ Y ~ ~ ) ~ O U ( ~ @ ~ ~ U ( ~ ~ )  
+rvCE(201 
COMMON/OVERi,/INIT 
C O ~ M O N / S ~ I T C / I E N D I I ~ I N I I ~ T E P  
C O M M O N / I N T C O / D T r ~ T M A X , D T M f N ~ t M A X , E P S I  
COMMON/CONST/XSCAtVARI, ALPDt SXCHZt  ALP I ,e I ,CK ,CNtPL IN ,  F Z L ~ P  
t V M I L , C 0 ~ C T v C  
C CON3T  I N  F I L E  mHYBTIR,DAT@ 
dOHMON/COUNT/NIN7 
COMYON/T lME/ l  
DATA I P O T / 3 2 2 8 , 3 2 2 2 t  32261 3 3 0 5 1 3 3 0 7 1 3 3 1 2 1  3 2 7 7 , 3 3 2 4 1  3336, 3 2 4 5 1  3 2 4 4 1  
+325br33021322713275,33@6t5~L7t32~41331b/~IDACl/ll5~~~158~~ 
+ I P $ C A / 3 3 9 4 r  3 2 S 7 / t  
t I D A C Z / l l b 5 ~ 1 l b b ~ l l 6 7 ~ ~ I O A C 3 / 1 1 5 ~ l l S 4 t l l S 5 ~ l l 6 ~ 1 l 1 6 l ~  
+1lbZ~11S7r1159/tIDACGl11b3tllb4tll153rllS6/tIADCl3~1b/~I~OC~~3312~ 
DATA PLK/,990/,  v R M I L / 7 @ 8 / t x F f  1 e / , B M / e 4 / , B K y / 8 m 7 E 6 / , B C Y / 9 z @ 8 1 ,  
+ 8 K X / 9 , l E b / ~ B C X / 9 L 0 8 / ~ P 3 B 2 / e 8 4 b ~ ~ M U P B / , Z l / ~ M U ~ l / ~ l 3 5 l ~ ~ U ~ ~ ~ 1 ~ l 1 ~ ~  
+ M l J A $ / 8 7 / r  HUH/! VAS182E5/,ANS/L88/~8KCIZ808ES/ 
60 T O (  1 0 B B t 2 8 0 B t  3 8 B B t  4 0 0 0 1 5 r B 8 0 ~  t 18W 
18108 N I N l g 0  
RETURN 
2400 CONTINUE 
C A L L  H V T S T ( l t ~ 1  
CALL  I Y I t A ( L t  01 
CALL LOAD(L )  
CALL  LRUNtl.1 
NXeXSCA+,5 
NX0mNX 
I F ( N X m 1  ) L B l B r  2BZR,  Z 0 S a  
2010 NW828Bfl  
GO T O  2040 
2 ~ 0  N m a m  
GO T O  2Q40 
2030 NWaZ.8 
2040 CALL TSCAL(L,NX) 
2100 CONTINUE 
NSmANQ+,S 
C I N I T I A L A Z A T I O N  
O R T R A M  V B ~ ~ I ~  e~rs6r l a  8 9 ~ ~ ~ ~ 1 7 5  P A G E  2 
DO 2268 I a l r N 3  
Q P B Y ( I I s @ ~  
D V ( I I m B a  
V ( I ) = E I ,  
DU( I ) .B ,  
ufI)=k3@ 
PTVC(X)@BJa 
P X V C ( X ) m B ,  
VCE(IIm0, 
T V C ( I ) w a ,  





















C C O M P U T A T I O N  OF S C A L E F A C T O R S  
C 18 LB M A K E  1 V O L T  
C 19 I N  L8 MAKE 1 V O L T  
SFXaFZLBfiIfd, 
S P Y s F Z L B * 1 0 ,  
S k P ~ F Z L B * P L I ~ * l @ ,  
C C O H P U P A T S 6 N  OF CONSTANTS 
PLMaPLIN*,@LS4 
Pi?5#88a2500@, 
V R E F z , u 4 7 * V R H I L  
Xf ZsXF/Z,  
X@f l=XFZ 
XDrKP/NS 
D T B R ~ 3 ~ l 4 1 6 / 1 8 f l r  
ALPR=ALPO*OTOR 
W a V H I L / V R M I L  
V % e H * C Q S ( 4 L F R )  
VCXer3X*VX 
V R O V X Q V C X  
R V s i , / V R  
VCYrW*SIN(ALPR)  
E P C @ l , / N S  
EPClSPcEPC*l@,*P258B0 
EPPLREPC*PLM 
f P r ? s E P C / 2 ,  
' t G T R A N  VBb, t 3  091Sb110 69mPEB-75 PAGE 3 
% 17 
* ? '* 
B r % E P C / V R  
. - CALL S S N T C H ( l Z t J I 2 )  
" p  ;a, :F~JI2,EQ,l)GO T O  2251 
, $ a  03 2258  I m l r N 8  
- . q  i s  T Y C C I ) ~ P ~ * S I N ( A L F R ) * C T V C  - @ ? + V t U l r T V C ( I )  
2256 ~ C t % I l ~ Y V C ( I ) * D T  
2 2 5 t  C2h iTINLlE  
C C O M P G 1 9 T I O Q  OF P A R A M E T E R S  
i P E : % z F Z $ B * ~ ~ ~ ~ ~  
. UP%F t H / P ~ t 4  
~ z B ~ * V R E F h V R E F / F Z H  
c ve@#V*PLM/QB 
& " ~ % I A V / t \ d S  
% cak3gxzpty/bEi 
i ."eBCY *VREP/QB 
f X n 6 C X e J R E F / 0 0  
rCxhk( t /WB 
t b s r v ~ ~ ~ h r ~  MOTION 
C @ P P ~ k ~ 2 8 3 2 f i P L H / V R e f  
{: t i c ~ H Z S C @ 0 7  
; : I +  ' L : ~ M A ~ ~ D T * , S  
S J !  ~ s z A g F A * O M A 2 / 5 7 ,  a950 
k f L ~ ~ J ~ S D A L F A I V R  
' O C P L F ' I E ~ D I L F A ~ O M A ~  
!:aha bQsBbALFA/VR 
G ~ ~ s ~ , ~ ~ ~ ~ ~ H ~ * P L M / V R E ~ / W  
9 C M e n S Y N l O M A )  
r p l  z ~ ~ c ~ $ ~ ~ ~ ~ )  
S ' d a 3 * 9 0 M A * Q O M A  
P f  ~ k J % i % k F A * D T O R  
66,"& I @ O M A ~ $ O H A * C O M A  
. , 8 6 :  e ' ! ,  Q 
f i # P 6 ~ , 3 3 3 3 h ~ K L r B E f B / b M I  
C L a f  EQkL M O T  XQN 
r :, ..a'?', 
; Y i  , ) P  y A b a O M A Z  
? * v t r  $ R z O Y & A / V R  
r:",hs=DYLA&OMA2 
< C D Y A V Q a D D Y L A / V R  
3a 
G R E F ~  F1jhCTXBN FOR L I T E R A L  U N I T  L O A D  
"";dZp*CK 
: s * k J ( Z s * E I )  
i;?{.;7;"el 
ai l S " r k j c A 1  
C ~ S ~ S R ~ ~ A ~ S O  
T F T C i S Q , L E e B e ) G O  T O  2350 
Cl:$QRT[ClSQ) - 3 ~ 4 ~ S B r T 1 3 Q R T ( R l ) )  
D i x C i i h I  . * 
:: T E ~ A ~ ~ ~ A N ( D ; ) / ~ ,  
1 '*, A Q x h A * C O S ( T E T A )  
B:fxAlaSf  N ( T C T A )  
bv"chQnPL" 
@FBR"~*P&K 
ORTRAN V 0 b r 1 3  891561 10 0 9 ~ F E B ~ 7 5  PAGE 4 
A N E @ C t ! p  l ) * C ( 2 r Z ) - C ( 2 t  1 ) * C ( l r 2 )  
8 C l l ~ C ~ Z r 2 ) / A N E  
8 ( 2 ) a * C ( Z r i ) / A N E  
DEFLEXION AND $LOPE COMPUTED A t  SECTION EDGE 
oa  2580 I U ~ , N S  
X X t E P ? L k ( l n l ) m P L K + E P ? L * @ S  
I F P C S $ Q , L E ~ 0 , ) G O  T O  2480 






C E P s C O S ( b X l * E P  
CENoCOS(BX)*EN 
$ E N r S I N ( ~ % l * E N  
SEPrSIN(6X)sEP 
G(I)eFZM*(B(l)*CEP+0(2)*SEN)/PLM 
D G ~ I ) ~ F Z M * ( B ( ~ ) * ( A R ~ C € N - B R * ~ E P ) ~ R ( Z ) * ( A R ~ S E P + B R * C E N ) )  
G O  T O  Z f a 0  
E l P o E X P C S l * X X )  
E ~ N m E X P ( ~ S l * X X I  
E3psEXP(93*XY) 
c v I g T R A N  V B 6 , 1 3  091561 10 09rFEB-75 PAGE 5 
w 
Z 
~ O C I  rll VJ LSI mi7 C C: - 0  < 
B 8 6t a CD 8 aa ~3 a 
- 3 c C D t S  rg Q Q  w m t u  19 u+ 
6 ? 0 m -  a o C tp a m 
r m C 
0 Ya Lr(i 
o m  ~ u o u ~ ~ ~ ~ O ~ P O C ~ ~ L ~ Z U O P O  ~ ~ ~ M ~ ~ ~ O ~ ~ + ~ ~ ~ ~ ~ ~ X ~ O - - I ~ C . ~ - - Q C ~ Z - - I C ) O M  
P O  o ~ w T ~ z ~ ) Q P ~ P ~ ~ L T ~ - B = =  c ~ ~ w ~ ~ ~ ~ ~ w c o ~ w ~ ~ ~ ~ Q o ~ ~ - ~ P c ~ ~ c . o o L  
r x  ~ r ~ d ~ a r b t - ~ ~ r A ~ ~ ~ ~ r ~ ~  E ~ - ~ A P ~ ( : - ~ W D ~ P F I ~ - ~ ~ Z ~ O - ~ ~ - O ~ I Z ~ - .  
r0 + w r - w ~ - + ~ r - 4 r -  r r s r ~ s c r  s  T Z + Z ~ ~ ~ L - * - + W + Z ~ E ~ + + O , W G ~ B ~ S ~ ~ ~ P ~ - - ~ ~ ~  
C 0-4 Z l D l Z %  Icr P b I U b s t E i . 3 3  2 Z- l T U A U W P ~ U ~ U ~ v d F U ~ X W ~ P B -  T.!WZB C 4 %  
U-l ~ B B H Z S - W  C L ) g C D  S-4- f E m  X m  W P Z K Q S  Z C # B -  -=  - - h a  -11 - W n %  ~ r r r  U - Z m  S s C l s ) l l s  BFR4--1ZZS 
m ~ -  - a m 4  F ~ C ~ C ~ V  W ~ P P F E ~ ~ ~  m a  y p - - 1 m ~ 1 1 b e 4 m 0 - m a ~ 1 1 ! & 0 ~ ~ 3 ~ ~ l \ d ~ d ~ ~ h = - -  a s - *  4 0 ~  
+d 8 4 Z m  ~ ~ C D - Q  EBS 4 P > ~ ~ ~ ~ W - ~ ~ U V U ~ ~ ~ ~ . . . I R + @ P ~ ~  V I Y E L Q ~ C ~ S = - B J ~ ~  
Icr S.-.Cem 4 E -+st-- - 9 4 14 O X ) =  a -  = @ S M ~  I I Z 9 l e r l -  I* Ci i  9 - 4 1 ) - 4  - w  
0 0  W T E D  N O  W -re- F W O  Q ~ < ~ - W - C ~ ~ - B U ~ < W - U C S # X  .o C)-*  h O  - Z - m m  u x  rr Z r r w  v - I  - C . r r v C w n n ~ - 4 + + I i < a , . . c c l u U L s  * ' Z - S Z  P l Z  
QI S39.L 0 -  B E B E  Z )- S3 m # n w ~  # O H < < O ) w 6 +  < I S 2  u n < C O  W ' 0 - - u  o m  1E- ZC X XzCn * Q C V  W < B - O O 3 J < X  0 U S *  C 3 W C 3 u  0 
Q * IUTC) r .r W Z L  '9 a-  RI )D Zt- O T ) M b W 8  D m m -  Q C n Z  W 
U - -o  +t - x u - 4  - n-a 4 O I + ~ ~ - * B  -a - z m  
W e D 1P QIV 9 ZVI W U  b d  f < U * S W d  U u 6 3  4 t m - P  U 
w rn -4 u -a X U  - - - a-cnr a a  - + m OS----I c.l 
4 c3 o VI rn a M- 4 O * W B O B ~  m x Q C + Z  CI 
r) a a cp . CIY v < s c w ~ ~ ~ P # - -  u < - C U + ~  4 
1: * lV Q 8 L -1 (I ( Q I B C -  (I Sr c: w - B c m CP - S S ( P T  Cr CP Cb R) C, 0 
-ICP - 0 6) I w- * + w -  u I - I w n L 
D 0 a B 'I O I C I W  CI I * 
V 
2 
4 o r u c ~  * CI m n o 
D -a C) V a r 4  r( tl D 0 * 
o o a x w  IP 4 r )  V --I 
rpc- a r m- V * 
&a 4 + x 8 
IP 0 - a D 
w 4 





1 4  3 
144 
145 
i d  b 
147 
6 4 8 
149 
I5pl 
I5  1 
i 5 2  
153 
IS4 
5 5 5 
9 5 6 
5 5 7 
J 5 8 
5 5 9 
5 6 0 
$61  
$ 6 2  
J A 3  
364 








3 7 3  
3 7 4 
3 7 5 
376 
3 7 9  
3 7 8 
37 Q 
38e  
38  1 
382 
3 8 3  










3 9 4  
395 
396 
3 9 7  
Y l , I C a Y A L * S O H T  
DVLH8OYbAcCOMTH 
DVLMVRmDVLAVR*COHTM 
O Y L I C I D Y L A * C O M T  
D D Y L 4 m D f Y A V R r S O M T M  
G O  Tl;" 5182  
5210  T P 3 8 ,  
ALFY T C t t l l ,  
D I L F M I R @ ~  
D A L M V R r P ,  
v R h ~ F r c @ ,  
D A l . F J C g B n  
D A L ?  f PrC?In 
D6)AHVPmrBe 
A Y P t B ,  
Y L I c r a ,  




5182 O V I r Q v [ i )  
V X = V l 1 9  
D U I ~ D Y ( 1 1  
I I I o u I I )  
CALL S3wTCH(brJb) 
C A L L  SSMTCH(7rJ7) 
XF(JQ,tZQ,l)GO T O  5103 
I F ( J 7 , E Q e 2 ) A ~ F D ~ V A R 1 + A L P D  
I F ( J ~ , E Q , ~ ~ S X S V A R I * , ~ + S X  
GO T O  5 1 0 4  
5103 CQNTJNUE 
CALL S S ~ T C H ( U r J 4 )  
I P ( J 4 , M E e  1100 T O  5184 
CALL R D S I N ( I A D C A t 1 A L P )  
A L F D a I A L F * r 0 1  
5 1 8 4  A L P R ~ A L F D * R T Q R  
I F ~ J I D E Q D 1 ) V A R C ~ 8 X * 1 @ B 1 9 B I I  
IF(J7,EQB2)V4RG~ALFD*S00@ 
IP(J~2,EQei)10ATG(l)mVARG 
v X r H * C Q S l A L F R )  
V C X r S X s V X  
V R o V X - V C X  
V C V a W ~ S I N ( A L F R )  
D l  r E P C / V R  
M Z r [ ~ Z x + M Z ~ * , 0 5 ) * , 0 $ 0 2  
F Z o F t $ * V R * , 9 f l 0 2  
F Z @ r @ ,  
FXzFXB*,B002 
FX@a0,  
5laS I P I ~ E , L E , N S ) G O  T O  4BBR 
lFtVCX,LTe,$,AND,SCAX,GT12n)G0 T O  5 1 6 7  
~ P C V C x p G E ~ ~ l ~ ~ N O ~ S C A X B L T e V e ~ G O  TO S I B 7  
SCAXsi ,  
I P ( V C X g L T , t l ) 8 C A X m l Q ,  
I D S C A I l ) ~ l $ B 9 0 , / 9 C A X  
CALL S T E N D ( L I I P S C A ~ ~ ) ~ X D S C A ( ~ I )  
F Q R T R A N  V@B,I% 0 9 t S b l l f l  09-FEB.75 PAGE 9 
'RAN V f l b . 1 3  a98568 1 0  09mFEB175 PAGE 1 0  
+ '  H Z t ' t  i P E 1 0 ~ 3 / )  
I 5997 I P t J 8 , E Q o 1 ) G 0  T O  bfl0B 
I ~ R I T E ( 5 r 7 7 7 ) N R , ( O V C ( I G ) ~ I G ~ ~ ~ ~ 8 ~ N 8 I ~ t ~ V C E ~ I G ~ ~ I G ~ l ~ ~ S t ~ S I l  
i 7 7 7  F O R M A T ( '  N R r P r I 3 r '  DVc~'12(l@(~Xtl?El@,3)/~/' V C E ~ ' t 2 ( 1 0 ( 1 X 1 1 P E l @ ~  
+ 3 1 / ) )  
k W R ~ T E ( ~ ~ ~ ~ ~ ~ ) ( Q P ~ Y ( ~ G ) , I G ~ ~ ~ N S ~ ~ S I ~ ~ ~ V C ( I ~ ~ ~ I G ~ ~ ~ N $ ~ ~ S I ) ~ ~ P ~ V C ~ I G I  
+ r I G . l r N 3 r N S 1 ) t  ( T V C ~ I G ) , I O ~ ~ I ~ S I N ~ I )  
1 5999 FORMAT( '  Q P B V e C , Z ( l O ( I X ~  I P E l B ( 3 ) / ) / '  V C ~ ' , Z ( I f l ( l X t  
+ l P E I @ . S ) / ) / '  P X V C ~ ' r Z ( 1 0 ( 1 X , I P E l 0 ~ 3 ~ / ) / '  TVC~'r2(1@(lXtIP€lB,3)/)1 
bees G O  T O  4 a e e  
1 END 
R O U T I N E S  C A L L E D 1  
HYTST : I N I T A  , L O A D  r LRUN T S C A L  CQS , $ I N  
SSWTCH,  SORT , A T h q  I EXP , DATE : T I H E  , $ T I N A  
S T A R Y  1 SETwb W A I T  , S E N $ &  , I T E S T  , RDSEQ R D S I N  
S T I N D  p 1 4 B S  p S I G N  
 LOCK L E N G T H  
D E R I V  5 4 3 7  ( B Z 5 1 1 2 ) *  
O V E R &  1 ( s s a a e z ~  
3 w I T C  3 ( B B B f l B 6 )  
I N T C O  l e  ( 0 0 0 e z 4 )  
C O N S T  a8 ( o s e ~ t s )  
COUNT i ~ ~ ~ a a 2 )  
T I M E  2 (0@B0@4)  
* * C O M P I L E R  0 - - 0 -  C O R E * *  
PHASE USED f R E E  
D E C L A R A T I V E $  01576 1 3 2 4 8  
EXECUTABLE3 05503 1 1 3 2 1  
ASSEMOLY ti431573 15891 
F O R T R A N  V B b ,  1 3  PROGRAF? DIGTIR 09-Ft!B-75 P A G E  1 
C P R O G R A M  D I G T I R  W D € R I V w  P A R T  OF H F O R M I C n  
e 8w s U P ~ O A C ~ T A N S F E R E  T O C H A R T  RECORDER 
c SN  b DNI A L C O  OR a x  V A R I A B L E  
C Sw 7 ON! A L F D  V A R I h B L L f  UP8 S X  V A R I A B L E  
C 8 N  8 b v l  W R I T E ~ N R , D V C , V C E , Q P B Y ~ V C , P X V C I ~ V C  
C S N  9 D N r  & R I T E I N R , S X ~ F X ~ ~ A L F O , F Y S ~ M Z S ~ F Z I A L F P ~ H Z  
C Sw 12 O N ;  T R A N S I E N T  O P E R A T I O N  
C Jw lu l l P t  FLEX C A R C A S  DNI R I b G I O  C A R C A S  
S U 8 9 0 U P I N E  D E R I V ( 1 Q W )  
L C G I C A L  V % B  
R E A L  Y V ~ , H U ~ ~ M U ~ M , K Y , H Z , M Z Y I , M Z X ~ M Z Y ~ H U A S , H U H ~ M U P ~ ~ M U P ~ , M U P T ~ K X ~  
+ H Z S # ~ C , Y ~ $  
Q I H E N S f O N  ~ ( ~ ) , C ( ~ , ~ ) , G ( Z ~ ) ~ O G ( Z B ) , Q P B Y I Z ~ ) ~ D V ( S ~ ) , V ( ~ ~ ) , D V C ( Z ~ I  
+ r ~ ~ ~ ~ C ~ a ) , P T ~ ~ ( 2 ~ ) ~ V C ~ Z 0 ~ t T V C ~ 2 0 ~ ~ ~ I ~ ( 2 ~ ~ O A Y ~ 3 ~ ~ D U t ~ ~ l t ~ ~ ~ ~ l  
+ r  V t E 4 6 8 )  
O I M F N B l O N  ~ O A C ( 7 l ~ I O A T ~ 7 )  
C O M ~ ~ N / S # ~ ~ C / I E N ~ , I ~ I N I I S T E P  
C O H ~ ~ N / X R T C O / D T , D T M A X ~ D T M I N ~ T M A X ~ E P S ~  
C ~ ~ M O & / ~ O N ~ T / D V S ~ V A R I , A L ~ D ~ S X , H Z , A ~ P A , E I ~ C K , C N ~ P L I N ~ F Z L B ~  
+ V M I L P C B , C T V C  
C CCIhsF I N  F I L E  " D I G T 1 R , D A T n  
C D U M U N / C O U N T / W I N T  
C O M H O N / T I M E / T  
C B ~ ~ O ~ / I N T B / Q V I , V I , ( 3 P B Y 2 , M Z Y I , D U 1 , U I , Q P B X I  
C O ~ ~ O ~ / D ~ R S / D D V I ~ O V P ~ Q P Y I ~ D ~ Z V I ~ D D ~ I ~ D U ~ ~ Q P X I  
D A T A  ~ ~ Y / , 9 9 B / , V R M I L / 7 0 ~ / , Y F / l I / , C 1 ~ / ~ 4 / ~ B K ~ ~ 8 ~ 7 E 6 / ~ ~ C Y / 9 2 0 ~ ~ ~  
+ B g # / 9 ,  ~ E ~ / , B C X / ~ ~ B ~ / ~ P ~ ~ Z ~ ~ ~ O ~ / ~ ~ U P Q I ~ ~ ~ ~ ~ / , M U P ~ / ~ ~ ~ ~ / ~ ~ U P T I ~ ~  1 1 / ,  
+ Y U A S / , 7 / r M U H / 1 # 4 / , Y A $ / ~ 2 Z 5 l ~ A N Q / 2 8 , / ~ 0 ~ C ~ Z ~ 0 8 E 5 /  
D A T A  IDAC/1133c 11SSt  1 1 5 7 1  11591 l l b l ~ l l b 3 , 1 l b 5 /  
60 T D ~ ? B ~ ~ B , ~ ~ B B ~ ~ R ~ ~ P ~ ~ B ~ ~ S B B ~ ) I I S W  
l 00B  H Z N P 3 P  
IF(Sd,EQ,B,)NINT=U 
AErURh 
C C O Q S ? A k * r S  
2696 CDNP I N U E  
C A L L  S S w T C H ( S t J 5 1  
X F I J S , E Q , Z ) G d  T O  2100 
CALL H Y T S ' f ( l p 3 )  
CALL I W I T A ( L , a )  
2 1  C O K Y T h U E  
f'4Sx9t.18+,5 
D O  s 2 s e  I m l o N S  
Q P B Y ! i ) x f l ,  
BVlIIw'9 ,  
V(flsBa 
6 V ( 1 1 3 s r B ,  
LJ1116&1, 
P X V C (  lIs0, 
PTVC(BleB, 
v c ( x l s e ,  
BVC[I)e@, 
V C E C I I ~ B ,  
22n8 T V C ( J Z S @ ,  
NfMT'c7 
lP(SkmEQ,B,)YINT84 
FORTRAN V06,13  1 1 1 1 5 1 0 7  0 O m F E B m 7 5  PAGE 2 
MZXsP, 
MZYae, 
T t B ,  





D A L F I  Cs$, 
D A L F I M S B ~  
DOhMVRe0, 
AHP8Q8 
Y L I c c a ,  
Q Y L M m @ ,  
OVLHVRaGI, 
D Y L I ~ ~ B ,  
DDYLMs0, 
N R R B  
NEo 1  
C COMPUTATION OF C O Y S T A N T S  
P L M a P L I N *  ,0254 
VREP=,u47*VRMIL  
CMUPflalB,*MUPB 
C M U P l ~ l 0 , * 8 o R T ( l ~ O r M U P l  
XFZBXC/Z,  
N B B r X F 2  
XD8YF/N$ 
0 7 0 ~ ~ 3 , 1 4 1 6 / 1 8 6 ,  
A L F R n A L P D t D t O R  
W8VMfL /VRMlL  
s x v a s x  
VXaW*COSlALFR)  
V C X m 3 X V * V ~  
VRtVXmVCX 
RVml , /VR 
VCYmW*SIN(ALFR) 
EPCuI , /NS 
EPPLaEPCsPLM 
E P Z s E P C / Z a  
DTsEPC/VR 
CALL S S M T C Y ( 1 2 , J l Z )  
I f ( J I Z e E Q a l l G O  TO 2 2 5 1  
D O  2250 I n l r N S  
T r C ( I l r ~ W * 3 J N ( A L F R ) 1 C T V C  
PtVC(I)oTVC(I) 
2 V C E ( I ) m T V C l I l * D T  
2251  CONTINUE 
C COMPUTATION OF P A R A M E T E R S  
FZM8FZLB*4 ,448  







C O R I R A N  V0bl13 1 1 1 1 5 1 0 7  89sFERm7S PACE 3 
C X m W C Y * V R E F / Q B  
KCsOYicC/Qtl  
C P I V O T I N G  M O T I O N  
C B B l r b , 2 8 3 2 * P L H / V R E P  
O ~ ~ P ~ H 7 * C 8 0 7  
b O M f a f ? M A 2 * D T * , S  
D n t r a ~ n j c ~ r a M ~ 2 / 5 7 , 2 9 5 8  
DALavRrDALFA/VR  
B D ~ , ~ n s * b A ~ F A r O M A 2  
nOh4VQsDDALFA/VR  
O w a a 3 , f 4 f b * H Z * P L M / V R E F / W  
J O h A = $ I N [ Q M A )  
C O M ~ P C D S C O M A I  
$ U M M ? @ ~ ? J M A * $ Q M A  
B E V E * a L F A $ B T O R  
S O R r l x O M r n S O M A r C O H A  
A K l s 7 , b  
A ~ P N Z , P ~ ~ ~ ~ A K L * B E T B / O ~ A  
C L A ~ F P A L  #OTfOk 
Y L ' , z @ ,  
~ ~ Y L ~ Y M A ~ * O M A ~  
b Y l s v @ z D V L A / V R  
B C T L ~ Z ~ O Y L A I O M A Z  
n B ~ b V a s D ( 3 Y L A / V R  
C G R E F Y  r U e t t T f l N  F O R  LATERAL U N I T  LOAD 
AY?e?,arCF 
h l g $ 4 d [ Z , * E I )  
RIrCWEI 
A ! B Q % b l * A i  
C t $ O ~ S l ~ A l S Q  
ClcSOP"IC1SQ) 
A A a S Q R ~ ( S O R T ( B 1 ) )  
D l a c r  { e t  
P k ~ f i c $ T h k ( D f ) P Z ,  
A R e A a b t Q S ( T E T A )  
# K ! + S A * 5 ~ P d g Y E T A )  
AFst ,RaPbk 
B F E : Z P * C \ , ~  
hRS&FsAR*AR+BRc0R 
c 
E X C n S z f  X P [ A F )  
E X M b F a F X P ( w A F )  
E P F @ E x P A F + E X N A F  
FNFx&#PkF'=EXYAF 
c 




S E N F r S % * E N F  
C L N i  sCF*ENP 
$ E P F = S F a & P F  
e 
C ( 1 ~ 3 1 = ~ ~ 2 * [ 8 R * S E P P + A R * C E N F ) / A B S Q P  
C C I P L ~ ~ ~ # ~ * ( A R * S E P P - B A * C E N F ) / A ~ ~ S Q P  
C I ~ ~ ~ I S ~ R * C E N P * B R * ~ E P F  
1 5 5  
r R A N  V 0 b 0 1 3  l l 1 1 5 l e 7  89nFE B*?5 PAGE 4 
C ( t , Z ) a A R * S € P F + B R * C E N F  
C 
ANE~C(lrl)*C(2rZ)~C(Zll)rC(lt21 
B t l ) ~ C 4 2 t Z ) / A N E  
B ( E ) m m C ( Z , l ) / A N k  
00 Z 5 a P  J e l r Z  
XJmEPPL*,S 
I F ( J , E Q , i ? ) X J s B ,  
DO 258P l l l , N 8  
X X e E P P L * ( I ~ l ) w P L K + X J  
AXmARaXX 
B X c B R * X X  
EPKsEXP(AX) 
E N X o E X C ( a A X )  
E P e E P X t E N X  
ENmEPXaENY 
CEBuCOS [ B X ) * E P  
C E ~ . C O S ( B X ) * E N  
S E N S S I W ( R X ) * E N  
S E P = S I N ( B X ) * E P  
fF(J,EQ,l)G(I)~FZ~*(B(l)~CEP+B~i!)*SEN)/PL~ 
1 F ( J , E Q , Z ) D G ( I ) a F Z M * ( B ( l ) * ( A R * C E N ~ I I R * S E P ) t B ( ~ ) h ( A R * S E P + R R ~ C E N ) l  
2568 C O N T I N U E  
CALL D I T € ( D A Y )  
CALL T f H E ( 7 l M )  
~ ~ I T E ( S , 2 9 0 0 ) D A V , T I ~  
2906 F Q R M A T ( l X , S A 4 t  l X t Z A 4 l )  
W R I T E ( ~ ~ ~ ) E I ~ C K ~ C ~ ~ P L I N ~ F Z L ~ ~ V M I L I C B I C T V C  
2 F O R M A T ( '  E I S ' , ~ P E ~ ~ Z ~ '  C K ~ ' r l P E 9 , 2 r '  C N S ' , ~ P E ~ ~ ~ ~ '  P & I N a \ l P E 9 , 2 r  
t '  F I L B c ' , ~ P E ~ , ~ , '  V M I L E \ ~ P E ~ , ~ , '  C 0 ~ ' , l P E 9 ~ 2 , '  C T V C J ~ , ~ P E I ~ ~ ~ / )  
N S I  aNS/ZB 
I F ( N R , E Q , B ) W R I T E ( S r  1) ( G ( I G I ~ I G ~ ~ I N ~ I N S I ~ ~  ( D G ( I Q I t  I G g l t  N S t  N S X )  
1 FORMAT( '  C~C~2(lB(lX,~PE10,3)/)~' D G ~ * t 2 ( l B ( 1 X , I ~ E 1 0 ~ 3 ) / ) )  
30fl0 C O N T I N U E  
8 V I o 0 ,  
V I r 0 ,  
QPBY 1 ~ 0 ,  
HZY 1 ~ 0 ,  





D V P a O V I  
C P O S I T l O N  I N  S E C T I O N  
XamVR*T 
C PRESSURE D I S T R I B U T I O N  4, ORD, P A R A R O L A  
X 0 r X B B t X  
Q Z t 2 0 , * ( 0 0 b 2 5 ~ X 8 * X 0 * X 0 * X 0 )  
C S L I D I N G  V E L O C I T I E S  
V S X o V C X + D U I  
V S X S Q ~ V S X * V S ~  
V S Y o V C V + D V I  
V $ m 3 Q R t ( V S X S Q + V S Y * V S V )  
V S B e e F A 1 8 E n  
IF(vS,GT,~DV30AND~V80~T.0VSIV90~,TRUEo 
1 5 6  
FORTRAN V 0 6 , 1 3  1 1 1 1 5 l 0 7  @9-FEB.75 PAGE 5 
I F ( V 8 0 ) G O  TO 4 8 1 0  
F M U P C C H U P ~ * S Q R T ( V ~ ) + C H U P B  
FHUHo(HUH-MUAS) *vAS / (VS+VAS)+HUAS 
F M U r A M I N t ( P M U P , F M U H , M U P T )  
Q I m - Q Z r P H U  
O t V $ ~ Q I / V S  
Q X I a Q Z V S * V S X  
Q Y I o Q Z V S r V S Y  
l f ( Y , N E , $ , ~ G ~  TO 4022 
4 0 1 8  T V C $ o T V C ( N E )  
N E P r H E +  1 
I F ( N E P , G T , N S ) N € P m k E  
? V C S ~ ~ , S * ( ? V C ( W E l + T V C ( N E P ) I  
4828 C A L L  $ S w T C H ( t U , J I 4 )  
I F ( J l 4 , E Q , 1 ) G O  Y O  4021 
TVCSeB,  
TVCSH8Q!, 
4021 C O N T I N U E  
X V C G M s r f V C S Y s Q V  
P V Y r A L F Y I C - D A L M V R * X 0 f l + O Y L M V R  
V I = X V C S M * P V V  
D V I P T V C S + V R ~ L F ~ D A L F I C * X ~ ~ + ~ Y L I C  
D V 2 ~ O D A L V R * X 0 8 - D A L F I M ~ O O Y I ~  
I F ~ N R , Y ~ , ~ ) V ~ ~ V I + X V C S M ~ C E P C  
I F ( h E , E Q , l l V I s B ,  
an22 C O N T I ~ U E  
C D E R I V A T I V E S  
V i r V l r r X  
DVZsDV;l*X 
Q P Y T ~ C Y * ~ D V I ~ O V l - D V 2 ) t K Y * ( V I ~ V i )  
Q P X I a C X * D U I + K Y * U I  
D H Z Y I P X B * Q P V I  
I F ( V 3 8 ) G O  YO U04o 
DDUI8[QXIaQPXf)/M 
D D V I ~ ( Q Y I ~ Q P Y I l / M  
GO T O  4 0 5 0  
4840 Q I @ P * Q Z * C M U P ~  
I F ( S X , F Q , B , ] G O  T O  4 0 4 5  
D B X P a - Q I B m Q P X f  
D Q X N E Q I B - Q P X I  
DOUIl0. 
I F ~ B Q X N , G T , B , ~ b D U I r D Q X N ~ A M  
IQ(DQXP,LT,B,)ODUIEDQXP*AM 
4 a u s  DQYP-OIO~QPYI 
B Q Y N a Q I B - Q P Y I  
D D V I s 0 ,  
I F C D Q Y N . G T . 0 ,  ) O D V I o D Q Y N * A H  
~ ~ ~ O Q Y P , L T , ~ , ) O O V ~ ~ D Q V P I A H  
4050  C O N T I N U E  
CALL SSw'TCH(5,JS)  
I F ( J S . E Q , Z ) C O  T O  4999 
I P ( I 3 T E P , N E , f l l G O  T O  4999 
I o A T ( l ) o T * t e e a e ,  
I O A T ( 2 3 s V S * 1 0 f l B Q ,  
I O A T ( 3 ) 8 V S X * b @ B B @ ,  
I D P Y ( 4 ) s V 9 Y * t @ B 8 8 ,  
RTRAN V0b113 lillSlB7 09mFEB175 PAGE 6 
I D A T ~ S ) r U I * ~ H Q B B B ,  
I D A T [ b ) @ ( V I @ V l ) * l @ @ @ f l @ a  
I D A 7 ( 7 ) a X 0 * 1 0 @ f l @ ,  
CALL STARY,( IOACIIDATII )  
1F(NE,EQ,l8AND8T8EQ80,)CALL w A I t t l @ $ 0 0 )  
RETURN 
CONTINUE 
CALL  SSNTCH(0,  JBI 
I P ( J f l * E Q , Z ) G O  ffJ 5801 
RETURN 
IF(T,EQ,@,)RETURN 
V I e v I - P v Y r E P C  
MZYoMZV+MZYI 
MZY 1 ~ 0 ,  
P X Q t P X B t O P 0 X I  
MZXIHZXIQPBXI*VC(NE) 
QPBx Is@, 
Q P B Y ( Y E ) r V R * O P R Y I  
Q P B Y I X B ,  
T r R ,  
NEmNEt 1  
I F I N E , G T , N 3 ) 0 0  TO 51FQ 
X B B a X F 2 ~ E P C * ( N E ~ l )  
D U W l o D V ( N E l  
OUMZgV(NE1 
b V ( N E ) a D V I  
V ( N E ) a V I  
DV I r D U H l  
VIIDUMZ 
D U M 3 r D U ( W l  
DUHU#U(NE) 
O U ( N E ) r D U I  
U(NE)aUI 
D U I r D U M S  
U l o D U M 4  
RETURN 
X00*YF 2 
CALL  S Q ~ T C H ( I 2 t J I Z ~  





~ O M T = S I N I O M T )  
C O M T ~ C O S ( 0 M T )  
SOMTMaBOHT+OOMT*COMT 
COMTMoCOMT*DOMT*SOHT 






b A L C I C 8 D A L F I * C O H T  
D A L C I M a D A L F f C t D A L F M  
DOAMVR~DDAAYR*SOMTM 
A M P o A ~ P K * ( 9 O M A l r $ O ~ T + S O M A 2 * C O M T )  
I F ( Y I L I E Q , O , ) G O  TO 5102  
INCREMENT LATERAL MOTION 





GO TO 51P2 













D D Y L M r 0 ,  
D V I s D v (  1 1  
V I 8 V ( t l  
O U I a D U ( 1 1  
U I ~ u ( 1 1  
CALL S S w T C H ( b r J b )  
CALL S S h T C H ( 7 r J 7 )  
I f ( J 6 , E Q . l ) G Q  T O  5103 
VARoVAR+VARI 
I F (  J ~ , E Q , Z ) I L P O V ~ V A R + A L P D  
! f ( J 7 , E Q a 1 ) $ X V a V A R / ~ g g ,  
60  T O  S i B 6  
VARs@, 
ALPDVoALFD 
S X V ~ S X  
ALFRoALFQVsDTOR 
vKlW*CBS(ALFR)  
V C X ~ S X V * V X  
VRSVX.I.VCX 
R V e l  , / V R  
VCYaw*SIN(ALFR)  
D T c E P C s R V  
NEp 1  
NRrNRt  I 
MZn(HZX+MZV)*VR 
F X = F X B * V R  
FXBsB, 
FYsO), 
w z x a 3 ,  
HZVu@, 
D O  512n  Is1,NS 
F Y m F Y + a P e y ( f )  
CBDTtCR/DT 
?AN VOba  1 3  1 1 ~ 1 5 l @ 7  B P m F E B ~ 7 5  PAGE d 
DO 5 1 4 0  1 ~ 1 , N S  
VCN*B, 
PXVCNmBa 
0 0  5 1 3 0  Jg1,NS 
X X m I - J  
r x t r resc I=J )+ i  
V C N o V C N + G ( I X ) f i Q P B Y ( J )  
5 1 3 0  PXVCNaPXVCNt3IGN(DG(IX),XXI*QPBY(J) 
O V C ( I ) o V C N ~ V C E ( I ?  
VC(1)mVCN 
PTVC(I)tPTVC(I)+C8DT*DVCiIl 
V C E ( I ) ~ V C N + P T ~ C ( I ) * D T  
F l n P T V C ( 1 )  
I F ( J l 2 c E Q ~ l ) F l ~ B m  
PXVC ( 1 ) e P X V C N  
T V C ( 1 ) r F l - V R * P X V C N  
$ 1 4 0  CONTINUE 
51943 CONTINUE 
FXmPX*FZLB 
C Y o F Y * P t L B  
MfnMZ*FfLB*PLIN 
CALL $ S W f C H ( B t J b )  
CALL S S W T C H ( 9 r J 9 )  
I F ( J 9 , E Q I  1 ) G b  TO 5 9 9 7  
W R I T E ( 5 r ~ 9 9 8 ) N R ~ S X , F X S ~ A L F D , F Y S ~ Y Z S ~ F f ~ A L F P , H Z  
5 8 9 8  F O R M A T  ( '  N R I P r  13, '  S X l ' r  l P E 1 0 , 3 r C  f X 8 r C ,  1 P E l B r S r '  A L F e P t  l P E l @ a 3 #  
+ '  FYSo' ,  l P E l B , 3 r  ' MZSeP, 1 P C 1 B a 3 t p  C Z o ' r  l P E 1 0 , S r '  ALFPsC,  l P E l f l . 3 t  
+ '  HZ*', l P E ! 0 , 3 l )  
5997 I F ( J 8 , E Q a l ) G O  T O  6080 
W R f T E ( S r 7 7 7 ) N R t  [ D V C ( I G I , I C ~ ~ , N S I N S I ) ,  ( V C E ( I G ) , I G a I , N S t N S I )  
777  F O R M A T ( '  N R s ' , ~ ~ , '  O V C 8 ' , Z ( l B ( i X , l P f l B f i 3 ) / ) I '  V C E ~ ~ r Z ( 1 Q ( ~ X , I P E I B ,  
+3)/) 
W R I T E ( ~ ~ ~ ~ P ~ ) ( ~ P ~ Y ~ I G I ~ I C ~ ~ ~ N S I ~ S I ) , ~ V C ~ I G ~ ~ I G ~ ~ ~ ~ ~ ~ ~ S I ~ ~ ~ ~ ~ V C ~ ~ ~ ~  +, 1 6 n ~ r N S , N S I ~ ~ ( T V C ~ I G ~ ~ I G ~ 1 ~ N 3 ~ N S I )  
5999 $ORHAT( *  OPBYl'r2(10(~XtlPe18,5)/~/' V c m " r Z ( l 0 [ 1 X t  
+ ~ P L ~ E I ~ ~ ) / ) / ~  PTVC~'rZI10(lX~1PE10~3)l)/C DVC*~r2(10(1X1lPE10~3)/)) 
ha00 RETURN 
EN0 
ROUTINES CALLED1  
S 3 w T C H t  HYT$T , I N I T A  , S O R T  r C O S  , 9 1 N  , ATAN 1( 
EXP , DATE , T I M E  r A M I N 1  , STARY , WAIT , JABS 
S I G N  
OPTIONS C / Q Y , / O P ; ~  
B L O C K  LENGTH 
D E R I V  US28 ( $ 2 1 5 4 8 ) *  
S W I T C  3 ~ o e e a a t ~  
INTCO 1~ c eeeazu) 
CONST z e  ( e ~ l s a ~ e ~ )  
COUNT 1 ( ~ ~ ~ 8 8 2 )  
T I M E  Z (000084)  
I N 7 3  1 4  cl000034) 
D E R S  1 4  (eaea34)  
P 3 i c l l i n ~  D ~ n j i r a n  1 .  Ca1.1ll11tcd Tunrtions: \ ' c r t i c ; ~ l  l ' ~ . c s s ~ l r e  I n t e n s i t y  
q Z ;  S l i d i n y :  l . e l o c i t i c s  \ 'ss ,  i ' 5y ,  \ ' s i ;  F r i c t i o n  
C o e f f i c i e n t  ;; F r i c t i o n  Forces  q x ,  q y .  
1 6 1  
P a t c h i n g  Diagram 2 .  1 , a t e r a l  E l e m e n t  Dynamics. 
P a t c l l i n g  1)iagrarn 5 .  L o n g i t u d i l ~ a l  El.ement Dynamics ,  
1 6  2 
A l t e r n a t i v e  p a t c h i n g s  t h r o u g h  t h e  u s e  o f  S w i t c h  260/261 
a r e  u s e d  t o  e n h a n c e  t h e  a c c u r a c y  when a = 0 o r  S = 0 .  
X 
P a t c h i n g  f o r  c o m m u n i c a t i o n  a n a l o g  <-> d i g i t a l .  
S w i t c h  2 0 0  g i v e s  manual  r u n  i n t e r r u p t s .  
P a t c h i n g  Diagram 4 .  L o g i c  P a t c h i n g s .  



